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BANACH SPACE BIFURCATION THEORY
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ABSTRACT.    We consider the bifurcation problem for the nonlinear operator

equation x = \Lx + T(\, x, y)  in a real Banach space  X.   Here Xq  is an eigen-

value of the bounded linear operator  L, X = N(I — *Q£) © /?(/ — X„L),  ¡"eC1

and   T is of higher order in x.

New techniques are developed to simplify the solution of the bifurcation prob-

lem.   When  X„  is a simple eigenvalue,Xq  is shown to be a bifurcation point of the

homogeneous equation (i.e. y = 0) with respect to 0.   All solutions near (Xq, 0)

are shown to be of the form  (X(f), x(e)), 0 < |e| <£„, X(f)  and x(e)  are continuous

and  X(e)  and x(e) are  in Cn or real analytic as  T  is in  C or is real analytic.

When   T is real analytic and  X(f) £ X„  then there are at most two solution branches,

and each branch is an analytic function of  X  for X p X„.   If   T is odd and analytic,

for each X £ (Xq — S, X q)   (or   X£(Xq, X q + 8))  there exist two nontrivial solutions

near 0  and there are no solutions near 0  for X   £(X„, Xq + §) (or  X £(\q— S, *q)).

We then demonstrate that in each sufficiently small neighborhood of a solu-

tion of the homogeneous bifurcation problem there are solutions of the nonhomo-

geneous equation (i.e. y p 0)  depending continuously on a real parameter and on y.

If Xq  is an eigenvalue of odd multiplicity we prove it is a point of bifurcation

of the homogeneous equation.

With a strong restriction on the projection of   T onto the null space of / — XqL

we show Xq  is a bifurcation point of the homogeneous equation when Xq  is a double

eigenvalue.

Counterexamples to some of our results are given when the hypotheses are

weakened.

Introduction.   In this paper we investigate the bifurcation problem for a non-

linear operator equation in a real Banach space.   We seek solutions (A, x, y)

near (A  ,0, 0)   of the  equation

(/ - XL)x - T(A, x, y) = 0

where   L is a bounded linear operator and   T is continuously differentiate and of

higher order in x, and  AQ is an eigenvalue of   L.   When the null space of  / - AQL

is finite-dimensional we assume   / — AQL is a Fredholm operator of index   0.

/ - AqL   satisfies a comparable hypothesis when the null space is infinite-dimen-

sional.

Krasnoserskií [5] considered the homogeneous equation (where  y = 0) for A
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a simple eigenvalue.   He assumed that   T depends linearly on A, and made further

assumptions regarding the projection of  T(x)  onto the null space of  / - A  L.   With

these restrictions he was able to prove that  AQ  is a bifurcation point of the equa-

tion with respect to  0.

We can dispense with these additional hypotheses and yet obtain the same

conclusion for the homogeneous case when  Afl  is a simple eigenvalue.

Using simple methods based on the implicit function theorem, we develop

the complete solution of the bifurcation problem when A    is a simple eigenvalue.

These same techniques also enable us to prove that if AQ   is an eigenvalue of odd

multiplicity then AQ  is a bifurcation point of the homogeneous equation.

In Part I we introduce several simplifications of the bifurcation problem.   We

show that the problem is equivalent to finding solutions of a related operator equa-

tion in the  null space of  /-A L.   For the homogeneous case we prove the exis-

tence of a unique function, A(a), expressing A as a function of the vectors in the

null space.   The function A(zz) has the property that if (A, u, 0)  is a solution of the

related equation thep  A = A(a).

The solution of the bifurcation problem when  A    is a simple eigenvalue is

developed in Part II.   The solutions  (A, x, 0)  of the homogeneous equation are

shown to be a continuous function of a real parameter, varying in a neighborhood

of 0.   This function is 77 times continuously differentiable or real analytic as   T

is 72 + 1 times continuously differentiable or real analytic.   When T is real analytic and

Aq  is not the only eigenvalue of the nonlinear equation, there exists at most two

distinct solution branches depending continuously on  A, and each branch is

analytic in a deleted neighborhood of A  .

We proceed from the homogeneous case to the nonhomogeneous case.   We

demonstrate that in each sufficiently small neighborhood of a solution of the

homogeneous equation there are solutions of the nonhomogeneous equation depend-

ing continuously on a real parameter and on y.

Our methods do not yield any results for the nonhomogeneous equation when

A= A  .   For this important case the reader is referred to the survey article of

Vainberg and Trenogin [7] and the references cited therein.

When  An   is an eigenvalue of higher multiplicity the bifurcation problem for the

homogeneous equation becomes more difficult, and in general  A    is not a point

of bifurcation.   Nevertheless, some results for  Afl of higher multiplicity have been

obtained.   Krasnosel skii [4] showed that if  L + T is compact and is a gradient

operator depending linearly on A then An  is a point of bifurcation.   He also

showed, by means of the degree of a mapping, that if  L + T is compact and A

is an eigenvalue of odd multiplicity then A    is a bifurcation point.

In Part III we show that under our hypotheses, if A„   is an eigenvalue of odd

multiplicity then A    is a point of bifurcation of the homogeneous equation with
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respect to  0.   We thus eliminate the restrictions that   L + T be compact and   T

depend linearly on X.

In addition, by imposing the strong restriction on   T that one of the components

of the projection of  T onto the null space of  / - A.L  is of constant sign, we show

that if A    is a double eigenvalue then  A     is a bifurcation point of the homogene-

ous equation with respect to  0.

Part  IV includes  counterexamples to  some  of our results when the hypothe-

ses are weakened.   One of the examples shows that if A    is not simple and the

dimension of the null space of  / - X„L  is one, then  A    may fail to be a bifurca-

tion point.

This paper is based on a part of the author's dissertation submitted to the

Belfer Graduate School of Sciences, Yeshiva University in candidacy for the degree

of Doctor of Philosophy.   The author expresses his thanks to Professor M. S.

Berger for constant encouragement and numerous helpful suggestions.

PART I.   THE BIFURCATION PROBLEM AND ITS REDUCTION

1.1.  In this part we introduce the general bifurcation problem and develop

techniques which facilitate its solution.

Let X and Y be real Banach spaces, L  a bounded linear map of  X into  X  and

let  Xq be an eigenvalue of  L.   Suppose we perturb   L  by adding a nonlinear oper-

ator  T which is continuous in a neighborhood of  (A     0. 0)  in  R x X x V with

range in  X.   We seek solutions  (A, x, y)  of the equation

(1.1) (/ - XL)x - T(X, x, y) = 0 .

for (A, x, y)   neat (A  , 0, 0).

We make the following assumptions about   L and  T:

HI. R(I - AqL) is closed and X = N(l - XQL) © R(l - XQL), where R(l - XQL)

denotes the range of  / - AflL  and N(l - A.L)  its kernel.

H2. T(A, 0, 0) = 0 for all A near A . Tis continuously Fréchet differentiable

in a neighborhood of (A  , 0, 0)  and  D   T(X, 0, 0) = 0 for all A near A

When N(I - XL) is a finite-dimensional subspace of X then HI is equiva-

lent to the assumption N(I - X L) Cl R(l - A L)= \0\ and / - A L is a Fredholm

operator of index  0 (see appendix for the proof).

There are many instances when condition HI is met.   HI is satisfied when,

for example, L  is compact and  N(l - AQL) n R(I - XL) = {0j; or if  X  is a Hubert

space and  L  is a compact selfadjoint map.

In a later section it will be convenient to assume   T is real analytic.   For

symmetric 22-linear forms [6, p. 179], [7], we set

-, /   "1      "2 nk\
aAxl' ' ' ' ' xl' x2' ' ' ' ' x2' ' ' ' ' *fe' ' ' ' ' xk> = aAx\   'x2   '"''xk  ''

n.   times zz2  times tz,   times
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We then say an operator  T  is real analytic at a point x     if it is infinitely differen-

tiable at Xq  and, in some neighborhood of xQ, is expressible as a Taylor series

OO

T(x) = 2_, a„(xo'> (* _ xoY)
n=0

where each a     is a continuous symmetric 72-linear form.   An operator   T is called
72

real analytic if it is real analytic at each point of its domain.

We shall make essential use of the'following form of the implicit function

theorem.

Theorem 1.1  (implicit function theorem).   Let X,  Y, and Z  be Banach

spaces, (xq, yQ) £ X x Y and let  T be a continuous map of a neighborhood A  of

(xq, yQ)  into Z such that D JT exists and is continuous in A.   Suppose  T(xQ, y A

= 0 a72z7 D7T(xq, y A  is a linear homeomorphism of  Y onto  Z.   Then there is an

open neighborhood U of xn and an open neighborhood V of y. such that the follow-

ing are true:

(i) There exists a unique continuous function f mapping  U into  V such

that  T(x, f(x)) = 0 for x £ U.

(ii)  // for x £ U and y £ V, T(x, y) = 0 then f(x) = y.

(iii) If T £ C\A)  then f £ Cl(U)  and the derivative of f is given by

Df(x) = -(D2T(x, f(x)))-1 oDjTU, f(x)).

(iv) If T £ C"(A) then f £ Cn(U).

(v) // T is real analytic in A  then f is real analytic in  U.

Proof.  The proof is a straightforward application of the contraction mapping

principle. (See [3, pp. 194-196], [6, pp. 265-269] and [7].) a

The problem of finding solutions of equation (1.1) can be reduced to finding

solutions of an equation in N(l — XQL).   If dim N(I — XQL) < 00 the original problem

will thus be simplified to a finite-dimensional one.   We now proceed with this re-

duction.

By HI, if x £ X, x = u + v where  u £ N(l - XQL)  and  v £ R(l -AQL)  and there

exist canonical projections   P  and   P     of X  onto N(l — AQL)  and  X onto

R(l - AqL)  respectively, such that  P(x) = P(u + v) = u  and   P  (x) = P  (u + v) = v.

Since the operators  I - XL  and  7 — AqL   commute, R(I - X„L)  and

N(I - AqL)  are invariant under  / - AL.    Thus we see that for  u £ N(I - XQL)  and

v £ R(I - AqL),  P(I - XL) (u + v) = (/ - AL)a  and  P*(/ - AL) (u + v) = (/ - XL)v.

Therefore, x = u + v is a solution of equation (1.1) for A and  y if and only if for

A and y, u and v ate a solution of the system of equations

(1.2) (I - XL)u - PT(X, u + v, y) = 0,

(1.3) (I-XL)v- P*T(X,u + v, y) = 0.
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Using the implicit function theorem we show that for each (A, a, y) near

(Aq, 0, 0) equation (1.3) always has a unique solution v in R(l - AQL).   For con-

vience we denote  N(l - XL) by 71.

Theorem 1.2.   There exist a neighborhood A  of (A  , 0, 0)  222 the product

space  R x Jl x Y, a neighborhood B  of 0  in  R(l - A„L), a72zi a unique continuous

map f of A  into B, such that the following are true:

(i) (I - XL)f(X, u, y) - P*T(X, u + f(X, u, y), y) = 0 for all (A, u, y) £ A.

(ii) // (A, a, y) eA  a72zi v £ B  satisfy equation (1.3), then f(X, u, y) = v.

(iii) / £ C1  and

(1-4) Df(X, u, y) = - (D2F(z, f(z)))- ' o DxF(z, f(z))

where  z = (A, u, y)  and

d-5) F((A, u, y), v) = (l- XL)v - P*T(X, u + v, y).

(iv) If T £C"  then f £ C".

(v) // T  is real analytic then f is real analytic.

Proof.   By HI, /- AQL  is a 1-1 map of  R(l - XQL)  onto  R(l - AQL).   Then by

the bounded inverse theorem, / — X„L  is also a linear homeomorphism.   The oper-

ator  F defined by equation (1.5) is a continuous map of an open neighborhood of

((A0, 0, 0), 0) e (R x Tí x y)x /?(/ - AQL) into Ril - XQL).   F((AQ, 0, O), 0) = 0,

D  F is continuous and D2F((X-, 0, 0), 0) = / - AQL.   The results then follow

immediately from the implicit function theorem, ü

Corollary 1.3.   // (A, a, y) near (XQ, 0, 0)  in R x N(l - AQL) x Y  satisfies

the equation

(1-6) (/ - XL)u - PT(X, u + /(A, y), y) = 0

then (A, a + /(A, a, y), y)   is a solution of equation (1.1).   Conversely, if (A, x, y)

near (X  , 0, 0)  satisfies equation (1.1), then, if x = u + v, (A, a, y)   is a solution

of equation (1.6) and v = /(A, a, y).

Proof.  The proof of this corollary follows by Theorem 1.2 and our previous

discussion. D

Corollary 1.3 implies that the solutions of small norm of equation (1.1) for A

and y  near A    and  0 are completely determined by the solutions of small norm of

equation (1.6).

Definition.   Let  (AQ, 0) be a point in R x X and  K a continuous map of a

neighborhood of (A     O) into  Y.   Suppose   K(X, 0) = 0 for all A near  A  .   The real

number AQ  is called a bifurcation point of the equation  K(X, x) = 0 with respect

to  0 if, for any  e, 5 > 0 there exist a real number A and a nonzero vector  x £ X

such that  K(X, x) = 0 and  0 < |A - AQ| < e and  ||x|| < 8.



140 DAVID WESTREICH [September

Corollary 1.4.   An   is a bifurcation point of the homogeneous equation

(1.7) (/ _ AL)x - T(A, x, 0) = 0

with respect to 0  if and only if X    is a bifurcation point of the homogeneous

equation

(1.8) (/ - AL)a - PT(A, u + /(A, u, 0), 0) = 0

with respect to  0.

Proof.  This fact follows from Corollary 1.3. □

1.2.  We impose two additional assumptions on  T.   With these hypotheses a

further simplification of our problem is possible.   Let   T(A, x) = T(A, x, 0)  and

/(A, u) = /(A, u, 0).

H3. Either D?T(X, x) —► 0 uniformly for A near A    as x —► 0, or

dim N(I - AqL) < oo.

H4.   HDjTU, x)|| = o(||x||) unifoimly for A near  AQ.

Remark. If T is either of the form T(A, x) = XT(x) or T(A, x) = T(x), it is

unnecessary to assume H3 and H4, since they are consequences of H2 and the

definition of the derivative.

The following lemma will be used in the proof of Lemma 1.6.   Its proof will be

given in the appendix.

Lemma 1.5.    Let (xfí, 0) £ X x Y and T be a continuous map of a neighbor-

hood of (x  , 0) into Z.

(i) If T(x, 0) = 0 for all x and D  T is continuous, then as  y —» 0, T(x, y)

—>0 uniformly for all x  in a neighborhood of x .

(ii)  //, in addition, as y —> 0, D  T(x, y) —> 0 uniformly for x in a neighbor-

hood of x  , then   ||T(x, y)|| = o(||y||)  uniformly for x  in a neighborhood of x  .

With H3 and H4 we prove the following lemma:

Lemma 1.6.   There exists an interval A  about X    such that the following are

true:

(i)   ||/(A, u)\\ = o(||«||)  uniformly for X £ A.

(ii)   ||T(A, u + /(A, a))|| = o(||a||)  uniformly for X £ A.

(iii)   \\D xf(X, u)\\ = o(||a||)  uniformly for X £ A.

Proof.  By Theorem 1.2, /(A, 0) = 0 for  A near  A    and  D f is continuous.

Lemma 1.5 implies  /(A, u) —» 0 uniformly for A near A    as   a —► 0.   It is well

known that a continuous map of a closed bounded subset of a finite-dimensional

Banach space into a Banach space is uniformly continuous.   Hence, by H3,

D2T(X, u + /(A, u))—» 0  uniformly for A near  A    as  a —» 0.

By equations (1.4) and (1.5),
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(1.9) D2/(A, a) = -[D2F((A, a), /(A, a))]"1 °[-D2P*T(A, a +/(A, a))]

where   FiiX, u), v) = (/ - XL)v - P  T(X, u + v).   From equation (1.9) we get the ine-

quality

||D2/(A, a)|| < ||[D2F((A, a), /(A, a))]-!|| \\D2P*T(X, a + /(A, «))||.

By continuity there is a neighborhood of (AQ, 0)  for which  ¡LD2/7((A, a), /(A, a))]-  ||

is uniformly bounded.   Thus there is a neighborhood  A about Afl  for which

D2f(X, a) —» 0 uniformly for A e A as  a —» 0.   Statement (i) then follows by

Lemma 1.5.

To show statement (ii) we note that the partial derivative  of T(A, u + /(A, a))

with respect to a goes to  0 uniformly for X £ A  as  a —> 0.   The result then

follows from Lemma 1.5.

We now prove statement (iii).   By equation (1.4)

Dxf(X, a)

= - [D2F((A, a), /(A, a))]"1 "[D^U- AL)/(A, a))- DXP*T(X, u + f(X, a))].

A computation shows that for  ß £ R, D Hi - XL)v)iß)~ - ßLv.    Therefore,

\\DxfiX, u)\\ < \\{D2FiiX, a), fiX, a))]" ! || (||L|| ||/(A, a)|| + \\DxP*TiX, u + f(X, u))\\).

Statement (iii) of the lemma then follows from statement (i) and 114.   D

1.3.  For the remainder of this paper we assume

H5.  Either X is a Hubert space or dim N(l - A L) < °°.

We find it convenient to introduce an inner product on  N(l -A L).   If  X is a

Hubert space take  [ , ] to be the inner product of X.   If X is not a Hubert space

choose a basis  a., a., • • • , a     of N(l - XnL) with   ||a.|| = 1  and let  [ , ] be the
1       2 zzz U "    z"

inner product defined by

[a, â| = [a.a, + • ■ • + a   a   , b.u, + ■ ■ ■ + b   u   ] = a.b, + ■ ■ - + a   b   .
11 zzzzzzll zzzzzz 11 zzzzzz

It can be verified that [ , ] is a continuously differentiable map and there exist

constants c., c > 0 such that c^ap < [a, a] < c J|a||2 for all u £ N(l - X L)

(fot X  a Hubert space, c. = cy= 1).

Suppose  (A, a, y)  is a solution of equation (1.6).   Then taking inner products

[(/ - AL)a - PT(A, a + /.(A, a, y), y), a] = 0.

Simplifying, we obtain

(1.10) X= [a, zz] [La + A_1PT(A, a + f(X, u, y), y), a]-1

when y = 0 this becomes

(1.11) A= [a, a][La + X~lPT(X, u + f(X, a)), a]"1.

Hence every solution of equation (1.6) or (1.8) is also a solution of equation

(1.10) or (1.11).   The converse of course need not be true.   We can show, however,
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that for each u sufficiently near  0, equation (1.11) always has a unique solution A.

Theorem 1.7. There exist a neighborhood B of 0 in N(l - AqL), an interval

A about A and a unique continuous function A(a) mapping B into A such that

the following are true:

(i) For u £ B, X = A(a)   is the unique solution of equation (1.11) and A(0)= A

(ii) If X £ A  and u £ B  satisfy equation (1.11) then X = A(a).

(iii) If T £ Cn  or is real analytic then in the deleted neighborhood of 0,

A(a) £ C"  or is real analytic.

Proof.  Let G(A, u) = [a, a] [La + A-1PT(A, a + /(A, a)), a]-1.   Then

G(A, a)= [u, a]{A-1[a, a] +A-1[PT(A, a +/(A, a)), a]!-1

= ÍA-1 +A-1[a, a]-1[PT(A, a +/(A, a)), a]!"1.

By our.previous discussion

|[a, a]-1[PT(A, a + /(A, a)), a]| < kx \\u\\~ 1 ||PT(A, a + /(A, a))||.

Lemma 1.6 therefore, implies  G  is continuous in a neighborhood of (A     0)  and

G(A, 0) = A    for all  A near  An.   Clearly D^G exists and is continuous in an open

set not containing points of the form  (A, 0).   We will show  D^G exists and is

continuous in an open neighborhood of (AQ, 0).   For convenience let  T(A, a) =

[PT(A, a + /(A, a)), a],    |f(A, a)| < k2\\PT(X, u + /(A, a))|| ||a||   and so by Lemma 1.6

(1.12) |f(A, a)| = o(||a||2)

uniformly for A near A  .   Furthermore, the same is true for  D At.   For ß £ R,

Djf(A, a)(/3)

= [DyPT(X, u+ f(X, u))(ß), a] + [D2PT(A, a + /(A, a)) °Dy>(X, u)(ß), a].

Hence

|Djf(A, u)\ Kk^u^WD^nX, u + f(X, a))|| +||D2PT(A, a +/(A, a))|| ||Dj/(A, a)|||.

Thus by H3, H4 and Lemma 1.6

(1.13) \DJ(X, a)| = o(||a||2)

uniformly for A near A

Since  G(A, 0) = An  for all A near  An, D^G(X, 0) = 0 for A near A .   A compu-

tation shows that

DjG(A, a) = -(G(A, a))2[a, u]~l(-X~2T(X, u) + X-lDlf(X, a)).

Therefore

|DjG(A, a)| < k¿G(\, a))2||a||-2(|A|-2|f(A, a)| + ¡A^lD^U, a)|).

By continuity  (G(A, a))    is uniformly bounded in some neighborhood of (XQ, 0).

Therefore, by equations (1.12) and (1.13), D G(X, a) —> 0 uniformly for A as
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a —» 0.   Thus DXG is continuous in a neighborhood of (A     0).

Let  F(A, a) = G(A, a) - A.   F and D XF ate continuous.  F(A   0) = 0,

z5jF(A0, O) = - 1  and  D XF is a linear homeomorphism for (A, a)   in a neighborhood

of (Aq, 0).   The results then follow by the implicit function theorem.   (Conclusion

(iii)    follows    when   the   implicit   function   theorem   is   applied   to   neighbor-

hoods of points (A, a), u / 0, neat (A     0).) o

Theorem 1.7 simplifies the problem of finding solutions of equation (1.7).   It

is clear that if  a near  0 is a solution of

(/ - Xiu)L)u - PTiXiu), u + fiXiu), a)) = 0

then (A, a + /(A, a))  satisfies the homogeneous equation (1.7) where  A= A(a).

Theorem 1.8.   // for X £ R, a  is a solution of sufficiently small norm of either

(1.14) (/ - AL)a - PT(Â(a), a + f(X(u), a)) = 0

or

(1.15) (/ - AL)a - APT(a + /(A(a), a)) = 0

(when T(X x) = XT(x))  then X(u) = X and (A, a + /(A, a))  is a solution of equa-

tion (1.7).

Proof. We prove the theorem for equation (1.14).   If (A, a) satisfies equation

(1.14) a = ALa + PT(ß, a + f(ß, a)), ß = Â(a).

Since Lu = X~lu there is a y such that y a = ßLu + PT(ß, u + f(ß, u)). Then

y/ß = {u, u]-l{Lu + ß~lPTiß, u + fiß, u)), a]= £(«)" ' = 1//3. Hence y= 1 and

the result follows.   The proof for equation (1.15) is similar. G

Corollary 1.9.   // for some ß £ R  and a  in a small neighborhood of 0,

PT(A(a), a + /(A(a), a)) = ßu  then (A, a + /(A, u))  is a solution of equation (1.7)

where X = X(u).

Proof.  Since   La = A~   a  there exists a ßx such that (/ - /3.L)a -

PT(A, a + /(A, a)) = 0.   Hence by our previous theorem the result follows.   G

Theorem 1.10 (uniqueness).  Suppose (A, x)  and (A', x')  are solutions of

equation (1.7) near (AQ, 0)  and Px = Px '.    Then (A, x) = (A', x').

Proof.  By Corollary 1-3  x = a + /(A, a)  and x ' = a + f(X\ a). As we have

seen in our discussion preceding Theorem 1.7, (A, u) and (A', a) are solutions of

equation (1.11).   But by Theorem 1.7, A = A ' .   Hence (A,  x) = (A',x').0

PART II.   BIFURCATION FROM A SIMPLE EIGENVALUE

2.1.  Let  X and   Y be Banach spaces.   In this section we prove the existence

of nontrivial solutions of the nonlinear operator equation

(2.1) (/ - AL)x - 7(A, x, 0) = 0
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near   (AQ, 0)   in  R x X.  AQ   is a simple eigenvalue of the bounded linear operator

L, and  T is a continuous map of a neighborhood of (AQ, 0,0) in R x X x Y into

X.  We recall  that an eigenvalue  A is called simple if all the solutions of the

equations    (/ - AL)"x = 0  (72 = 1, 2, ■ ■ • ) are simultaneously solutions of the equa-

tion (/ - AL)x = 0 and dim N(I - AL) = 1, [5].

We assume   / - AQL   is a Fredholm operator of index  0  and   T satisfies con-

ditions H2—H4 of Part I.   Under these hypotheses the reductions of Part I apply

to our equation.

To simplify the notation we express equation (2.1) as

(2.2) (/ - AL)x - 7'(A, x) = 0.

For our work in this section and in §2.2 let  uQ  be a fixed normalized vector in

N(/-A0L).

Theorem 2.1.  Suppose Afi   is a simple eigenvalue of L, 1 - AflL   is a Fred-

holm operator of index 0, and T satisfies conditions H2—H4 of Part I.

(i)  Aq is a bifurcation point of equation (2.2) with respect to 0.

(ii)  There exists an interval A  about 0, such that for each nonzero c £ A

equation (2.2) has a unique nontrivial solution of the form

x = x(e) = cun + v(A,       X = A(e),

where  v(e) £ R(l - ^QL), v(e) and X(e) are continuous, ||t7(e)|| = o(\e\) and A(0) = Afi.

(iii)  Moreover, every solution near (X„, O) of equation (2.2) is of the form

given in statement (ii).

(iv)  // T(A, x) = AT(x)  then

(2-3) A(7 = A0il +z\0f-1[PT(x7)), „0]j-l.

Proof.  We have shown in Part I that if (A, a) e R x Nil - XQL)  is a solution

of equation (1.8) then (A, a)  is also a solution of equation (1.11).   When AQ  is a

simple eigenvalue the converse is also true.   Suppose   (A, a) = (A, c uQ) is a solu-

tion of the equation (1.11).   Then  [(/ - AL)a - PT(A, a + /(A, a)), a] = 0.   Divid-

ing by e we get

(/ - AL)a - PT(A, u + /(A, a)) = [(/ - AL)zv - PT(A, a + /(A, a)), a0]a0 = 0.

Consequently, (A, a) = (A, c uQ) is a solution of equation (1.8).   By Theorem 1.7

there exists a neighborhood  A   of 0  in  R such that for each e £ A, (X((UQ), cuQ)

is the unique solution of equation (1.11).   Thus, by Corollary 1.3, for each non-

zero e £ A, (X(e), x(t)) is the unique nontrivial solution of equation (2.2), where

(2.4) xit) = eaQ + v(c) = euQ + f(X(e), euQ)

and

(2.5) A(i) = Â(<ra0).
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Since fiX, a) £ RÜ - XQL),  vie) £ RÜ - XQL).   The continuity of xie) and A(e) is a

consequence of their definitions and of Theorems 1.2 and 1.7.  Moreover, since

(A(f aQ), eaQ) is the unique solution of equation (1.11), A(0) = A(0) = A  .   The equa-

tion   \\vie)\\ = oi\e\) is a consequence of Lemma 1.6.   Therefore, we can also con-

clude that Aq   is a bifurcation point of equation (2.2) with respect to   0.

Statement (iii) is seen to be a consequence of the uniqueness of /(A, a)  and

Ala).

To verify statement (iv), suppose T(A, x) = XT(x). Then, by Theorem 1.7,

equation (1.11) becomes

Â(ea0) = A0!l + A0f-1[PT(fa0 + fiXicuA, cuA), a0]i_1

which gives us equation (2.3).   G

The functions vie) and X(e) of Theorem 2.1 are defined in terms of /(A, a)

and X(u). We therefore, reach several conclusions about the differentiability of

4f) and Xic).

Theorem 2.2.   // 272 addition to the hypotheses of Theorem 2.1, T £ Cn, then

the following are true:

(i)  v(e) £ Cn~l(A) and X(e) £ Cn~l(A).

(ii) v(c) £ Cn(A - ¡OS) and X(e) £ C"(A - \0\).

(iii) // 72 > 2  then  |A(f)-A0| = 0(|f|).

Proof.  Equation (1.11) is equivalent to

A = ÍA"1 +(A[a, u])-HPT(X, u + f(X, a)), all"1-

Hence X = (k~l +e~1E(X, e))_1 where E(A, () = X~l{PT(X, e aQ +/(A, euA), uQ].

F is a function of two real variables. F(A, O) = 0 for all A near XQ and E £ C".

By a real variables argument e~ ' E(A, e) £ Cn~ . Since X(euA is defined via the

implicit function theorem, X(e uA £ C" ~ in a neighborhood of 0. Hence by

equations (2.4) and (2.5) and Theorems 1.2 and 1.7 statements (i) and (ii) follow.

If 72 > 2 then by statement (i), A(e) £ C . Therefore, X(e) must satisfy a uni-

form Lipschitz condition near 0  and statement (iii) follows. G

Theorem 2.3.  // ¿72 addition to the hypotheses of Theorem 2.1, T  is also

real analytic then so are  v(c) and X(c).   This implies that all solutions of equa-

tion (2.2) Tzear (A., 0)  are of the form

c v
n

2

(2.6) * = fa0+£

72 = 2

(2-7) A = AQ+¿Anf«
z = l
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Proof. Let E(A, c) be as defined in Theorem 2.2.   Then, since  E is real

analytic

OO

E(A, e) .r£ fn(X)c"
72 = 0

where  /    is real analytic for  n = 0, 1,2, ... .   However, since  E(A, 0) = 0  and

D2E(A, 0) = 0 for A near AQ, fQ(X) = O'and fy(X) = 0.   Therefore, e_IE(A, c) is

real analytic.   The function X(euQ) is defined by an ■application of the implicit

function theorem and is therefore real analytic.   Hence  X(e) is real analytic.   In

addition, since the composition of analytic functions is real analytic, it follows

from equation (2.4) that  77(f)  is also real analytic. D

Many problems in mathematics require that for each A near AQ  one determine

the number of solutions of equation (2.2).   Since  for each e near 0  there is a

unique eigenvector x(c), to arrive at the number of eigenvectors corresponding

to an eigenvalue  A one need only compute the number of distinct e such that

A = A(f).   In general each eigenvalue may have many eigenvectors (see Example

3 in Part IV).     If, however, T  is real analytic then unless  AQ   is the sole

eigenvalue each eigenvalue has at most two eigenvectors.

Theorem 2.4.  Suppose  L  and T are as in Theorem 2.3.

(i)  // X(() = Aq   then Aq   ¿5 the only eigenvalue of equation (2.2) for small \x\.

(ii)  // A(e) ¿ X     there is a smallest positive integer N such that the coef-

ficient XN   in the power series (2.7) is nonvanishing.   In addition, equation (2.2)

does not have nonzero solutions of small norm for A = AQ.

(iii)  // N  is odd, for each X  near Afl, equation (2.2)  has exactly one non-

trivial solution x(X)  near 0.    The function x(X)  is continuous for X £

(Aq - 8., Aq + 8A).   Moreover, if N = 1, x(A)   is real analytic in (AQ - ¿7, XQ + 82),

and if N > 1, x(A)  is real analytic in (AQ - 07, XA and in (AQ, AQ + 82).

(iv)  // N  is even and A,, > 0 (A,, < 0), for each X £ (AQ, XQ +8) (X £ (XQ -

8, XA)  equation (2.2) has exactly two nontrivial solutions Xj(A)  and x2(X)  near

zero and there are no solutions of small norm for X £ (X„ - 8, AQ)  (A £ (AQ, AQ + 8)).

The functions x. (A) and xAX)  are continuous for X £ [AQ, AQ + ¿5)  (A £ (AQ - 8, XA).

In addition, x,(A) and xAX)  are real analytic in (AQ, AQ + ¿>) ((X„ — 8, XA).

Proof.  By virtue of Theorem 2.3 and the analyticity of A(e), statements (i)

and (ii) are obvious.

The rest of the theorem is proved by considering the derivative of A(e):

OO

n=N

Therefore A'(e) = ^Nf*-1 + h(e), where  \h(c)\ = od^-1).

Suppose  N is odd.   Then  TV —1  is even and for e / 0, X^Ne   ~~    has
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constant sign.   Since   |Me)| = o(|f|    _1), signA'(e)= signA^Ne   -1 for e near 0.

Therefore, A(e)  is a monotone function on an interval (- e  , eA.   The range of A(e)

must then be an interval (A   - 8., A„ + 8A.

If A   4 0 then A (e) 4 0 fot all e £ (-«0, ¿A-    By the implicit function theo-

rem A(e)  has a real analytic inverse  ¿(A).   The map x(X) = x(i(X)) fot X £

(Aq - S  , Aq + 8A, gives us statement (iii) for  N = 1.

If N > 1 and odd, A '(e) / 0 fot c 4 0, e £ (- eQ, (A.   For each 5 > 0 the

function A(e) restricted to (- eQ, - 8] has a real analytic inverse and the function

A(e) restricted to  [z3, cA has a real analytic inverse.   Thus there exists a continu-

ous inverse  z(A) of A(e) mapping (AQ - §., A. + 8A   into  (- e0, eQ).   Furthermore,

z'(A) is real analytic in  (AQ - 8 , XA and in  (AQ, A0 + 8A.   The map x(X) =

x(z'(A)), A £ (A   - 8  , Aq + S2)  gives us statement (iii).

Suppose N is even.   We assume XN > 0.   The case of A^ < 0 is handled

analogously.   N - 1  is odd, which means  A,,Ne < 0  for  c < 0 and XNNeN~l > 0

foi   c > 0.    Hence   for   e < 0   and  near   0, A '(e) < 0 and   A(e)   is  thus  a decreasing

function.    On  the   other hand,  for e > 0   and near  0, A ' (e) > 0, and   A(e)   is  an

increasing  function.    Therefore   A    < A(e)   for all e   near   0   and the  range   of

A(e)   is a half open interval  [A     AQ + 8x).    This implies there are no solutions

of  small  norm   of equation (2.2) for A £ (XQ - 8X, XA.    For each S < 0 the  func-

tion A(e)   restricted to  (-i.,8]   has a real analytic  inverse.    As  before, A(e)

restricted  to   (- eQ, 0],   has  a  continuous  inverse  z'j(A)  and   z',(A)   is real

analytic in (A., A   + 8A.   Similarly, A(e) restricted to  [0, eA has a continuous

inverse  z'(A)  and  z'(A)  is real analytic in  (A  , A   + 8 ).   The maps  ¿?.(A) =

x(i (A))  and x (A) =x(z'(A))  for A  e [AQ, AQ + 8 x)  give  us  statement (iv).   G

Theorem 2.4 implies the following:

Corollary 2.5.  // L  a72zi T are as in Theorem 2.1 a72zi T is real analytic,

then either X    is the only eigenvalue of equation (2.2) [or x of small norm, or

the eigenvalues of equation (2.2) near Afi  have at most two nontrivial solutions

of small norm.

In general, unless more is known about the operator  T, A„  of Theorem 2.4

must be computed to determine if the solutions of equation (2.2) are as in state-

ments (i), (iii) or(iv).   The next two corollaries give conditions on T which

enable us to ascertain the nature of the solutions without explicitly evaluating  A...

Corollary 2.6.   // T is real analytic and odd (that is, T(X, - x) = - T(A, x)),

then either An  is the only eigenvalue near AQ  of equation (2.2) for x of small

norm, or there exist just two continuous solution functions x AX)  and x (A)  of

equation (2.2) for X £ [AQ, A   + 8)  or X £ (AQ - 8, XA  and there are no small so-

lutions for X £ (Aq - 8, Aq]  or X £ [Aq, A   + 8).
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Proof.   T is odd; therefore if (A, x) is a solution of equation (2.2) then so is

(A, - x).   Hence there exist at least two distinct solutions for each eigenvalue.

Statement (iii) of Theorem 2.4, which implies the existence of just one solution

for each A obviously does not obtain here.   The solutions must therefore be as in

statement (i) or (iv) of Theorem 2.4.   Hence the result.   D

Corollary 2.7.   Suppose  T  is real analytic and T(X, x) = h(X)AN(x) + R(X, x)

n(x) = aN(xN), aNuhere h(X)  is a real-valued analytic function, A  (x) = aN(x   ), aN  a symmetric

N-linear form, and \\R(X, x)\\ = o(||x||N)   for each X near X       If in addition

[Ph(X0)AN(u), u] / 0 for u £ N(l - AqL), a 4 0, then the following are true:

(i) // N  is even there exists exactly one nontrivial continuous solution

function x(X)  of equation (2.2) depending on X for X £ (A   - §., AQ + 8A.

(ii) // N  is odd and XQ[Ph (AQ)A/V(a), a] < 0 (XQ[Ph(XQ)AN(u), a] > 0) for u

£ N(l - AqL), a /= 0, then there exist exactly two distinct nontrivial continuous

solution functions.    The functions, x (A)   and  x (A), depend on X for X £

[A  , A   + 8) (X £ (Aq - 8, A ])  and there are no solutions of small norm of equa-

tion (2.2) for X £ (A0 - z3, A0) (A £ (A0, Aq + 8)).

Proof.  We prove this theorem by finding A,,  of Theorem 2.4.   Using the

definition of  A(<r)  and  X(ean)  and equation (1.11) we get the equation

A(e) = X(euQ) = {A" 1 +(Xe)-1S(X, e)!"1 - XQ{1 + Aq(Aí)- lS(\, e)\~ l

(2.8)
OO

= A0-A2(Ae)-15(A, f)+A0 £(- 1)"{X0(X()-1S(X, c)\n

where

(2.9) S(X, c) = [PT(A, tu0 + /(A(e), e«0)), «„].

For u £N(I- AqL),

PAN(a + /(A, a)) =    X    — PaN(ul, f'(X, a))
z + 2=N   ÜA

PAN(u) + X!     — PaNW, f'(X, a)).
z+y=N; /¿O t'-P-

By Lemma 1.6 we have

^      Jl-Pa^u', f'(X,u)) X       c!.||a||I||/(A,a)|P' = o(||a||N)
7+;=N;;V0

-   .    I'll
|z-+y=N;;/0 l-'i

uniformly for A near A .   Therefore, by equation (2.9) 5(A, e) = h(X)ae    +

E(A, e) where a= [PAN(uQ), aQ] and  |E(A, e)| = o(\e\N) fot each A.   Since  S is

real analytic
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(2.10) S(\, e) = h(X)aeN +    JL   fn(X)e"
zz=N + I

where  / (A)  is analytic for n = N + l, N + 2, • • • .   Now since  h(X)  and  A(e) are

analytic,

bix) = ß0 + J^ßnix-x0r,    ß0/o,
72=1

and

(2.11) hiXic)) = ß0 + ̂ ßn   EV'      =/3o + ZV"-
72 = 1 \Z=1 I 7Z = 1

Combining equations (2.10) and (2.11) we get

oo

(2.12) 5(e) = S(A(e), e) = /30aeN+    £   V*.

Z2=/V+l

Since  A(e)  is real analytic and  A(0) = AQ  we have

(2.13) Xie)-1 =-L   +  J^dnc".
K 72 = 1

From equations (2.12), (2.8) and (2.13) we get

7Z=lV

By hypothesis, - XQßQa = - XQ{Ph(XAAN(uQ), uQ] 4 0.   Hence if  N  is even, then

N - 1  is odd and statement (i) follows from Theorem 2.4.   Similarly, if N  is odd,

N - 1  is even and statement (ii) follows from Theorem 2.4.   G

2.2.   Let  X  and   Y be Banach spaces.   In this section we solve the bifurca-

tion problem for the nonhomogeneous equation

(2.14) (/ _ XL)x - TiX, x, y) = 0

near  (A  , 0, 0)  in  R x X x Y, where  A    is a simple eigenvalue of  L, and   L  and

T ate as in §2.1.

For e   > 0 we let   B(   = i(e, 0) £ R x Y \ 0 < |e| < e  !.

Theorem 2.8.   Suppose A.   is a simple eigenvalue of L, I — XL  is a Fredholm

operator of index 0, and T satisfies conditions H2—H4 of Part L

(i) There is a subset B      of R x Y, and an open set A containing  B    ,

such that for each ic, y) £ A  equation (2.14) has a unique solution of the form

X = Xie, y),       x = x(e, y) = euQ + v(e, y),       y = y,

where v(e, y)   £ R(l -\.L)  and X(e, y)  and v(e, y) are continuous.    In addition,
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x(e, 0) = x(e) and X(e, 0) = A(fr), where x(c) and X(e) are the unique functions of

Theorem 2.1.

(ii)  If a solution (A, x, 0)  of equation (2.1) is sufficiently near (XQ, 0, 0)

then every solution of equation (2.14) z'72 a small neighborhood of (A, x, 0)  is of

the form shown in statement (i).

(iii)   If T £C2   then  \\v((, y)\\ = o(c2 + \\y\\), and if \\y\\ < (2  then  \X(e, y) -

\>|=0(|f|).

(iv)   If T £ Cn  then so are X(e, y) and v(c, y).

(v)   // T  is real analytic then so are X(e, y) and v(e, y).

Proof.  An argument similar to the one employed in the proof of Theorem 2.1

will show  (A, a, y)  is a solution of equation (1.6) if and only if-(A, a, y)  is a

solution of equation (1.10).   We will therefore find solutions of equation (1.10).

Let

(2.15)    F(A, (a,, y)) = [a, a] [La + A" ! PT(A, a + /(A, a, y),y), a]-1 -A.

In the course of proving Theorem 1.7 we showed  D,F(Aq, (0, 0))  is a linear

homeomorphism.   There is an open interval  A^     about AQ  and a neighborhood

Aq  of 0 in N(l - AqL) such that for (A, a) e AA    x AQ, D{F(X, (a, 0)) is a

linear homeomorphism and  Afl   is a subset of the domain of A(a).

Now let  û £ Aq, a/0.   There is a unique A = A(â) such that  (A, u, 0)

satisfies equation (1.11).   Therefore

[LÛ + X~lPT(X, u + f(X, Û, 0)), Û] / 0.

Thus there is a neighborhood  B  of (A,  â, O) in which  F is continuous,   F is in

C"  or is real analytic as   T  is in  C"  or is real analytic, and  DyF is a linear

homeomorphism.   The hypotheses of the implicit function theorem are satisfied.

Thus there exist an open interval   Nyiû) C A^     about  A, a neighborhood

N2(û) C Aq  of  u, a sphere  NAu) of small radius about 0  in   Y, where   N ̂ (S) x

N2(û) x N AS) C B, and a continuous function A(a, y) mapping A(S) = N2(S) x

NAu) into  Nj(a) such that  (A(a, y), a, y) satisfies equation (1.10) for all

(a, y) £ A(â).   Moreover, if  (A, a, y) £ N^(û) x A(u) satisfies equation (1.10),

then A = A(a, y).   In addition, A(a, v) is in   C"  or is real analytic as   T  is in  C"

or is real analytic.

For each  û £ AQ  there exist a  A, neighborhoods   N^(û) and  A(S), and a

function a-(k, y) with the above properties.   We must show that if (a, y) £

A(a.)  CI A(a2) then Xu  (a, y) = Au  (a, y).   By our previous arguments  Xu  (a, 0)

= Xu  (a, 0) (the unique solution of equation (1.11)).   Let   tQ  he the least upper

bound for all t, 0< ?< 1, such that for 0 < t < l, Â     (a, /y)=ÂU2(a, ty).   By

continuity, Â    (a, tQy) =ku (a, tQy).   Since  DyF evaluated at (Xu(u, tQy),

u, t y)  is a linear homeomorphism, an application of the implicit function theorem
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to equation (2.15) shows that Xu     and A       can be extended uniquely for  t > tQ.

Therefore   tQ » 1   and A    (a, y) = Xui.u, y).

Let  A = {J/Q Á(a) and let  A  be the set of all  ie , y) £ R x Y such that

(eaQ, y) £ A.   If  (e, y) £ A  then  (eaQ, y) e A(a) for some   u  and we define

A(e, y) = A~(eaQ, y).   By the above argument A(e, y)  is uniquely defined.   For

(e, y) £ A, (A(e, y), c uQ, y) is the unique solution of equation (1.10) and hence of

(1.6).   Thus, by Corollary 1.3, for each  (e, y) eA,   (A(e, y), xie, y), y) is the

unique solution of equation (2.14) where

(2.16) x(£j y) ¿ (Uq + v(e, y) = ea0 + fiXie, y), cuQ, y).

By our construction A(e, 0) = A(e)  and  xie,  0) = x(e), where A(e) and x(e) ate the

solutions of equation (2.1).   Thus we have proved statement (i).   In addition, by

Theorem 1.2 and equation (2.16) A(e, y) and x(e, y) ate in  C"  or are real analytic

as   T is in  C"  or is real analytic.   Hence we have proved statements (iv) and (v).

Now we prove statement (ii).   Suppose  (A, x, y)  is a solution of equation

(2.14) in a small neighborhood of  (A,   x, 0), where (A, x, 0)  is in turn a solution

of equation (2.1)  near   (AQ, 0, 0).    By Corollary  1.3,  x = e aQ + f(X, euQ, y)   and

x = euQ + /(£, euQ, 0),  and    (A, eaQ, y)   and  (X, eaQ, 0)  satisfy equation (1.6).

By our previous  arguments   A = A*•    (eaQ, y) = X(e, y)    and  statement (ii) follows.

We proceed to prove statement (iii).   Since  T(A, x, y) is in C , by Theorem

1.2 /(A, a, y) and   PT(A, a + /(A, a, y), y) are also twice continuously differen-

tiable.   Moreover, /(A, 0, 0) = 0, D2/(A, 0, 0) = 0, PT(A, 0, 0) = 0  and

D2PT(X, 0, 0) = 0  for A  near AQ.   Let   K(X, u, y) be either /(A, a, y)  or

PT(X, u + f(X, u, y), y).   By continuity there is a neighborhood  S about  (Aq, 0, 0)

such that DK and  D   K are uniformly bounded on S and if  (A, u, y) £ S then so

is  (A, tu, ty) for 0 < t < 1.   For  (A, a, y) e S, using the fact that for a continu-

ously differentiable map   T of an open subset A   of X  into   Y,  if x + ty £ A  fot

0 < t < 1, then

(2.17) |]T(x + y)-f(x)|| <    sup   ||Df(x + /y)(y)|| < ||y||    sup   ||DT(x + zy)||
0</<l 0</<1

[3, p. 155], we have

||X(A, u,y)\\ = ||K(A, u, y)- K(X, 0, 0)||

< ||a||    sup    \\D   K(X, tu, ty)\\ + \\y\\    sup \\D,K(X, tu, ty)\\.
o<z<i o<z<i      i

In addition,

||D2X(A, tu, ty)\\ = ||D2K(A, tu, ty) - D-,K(X, 0, 0)||

< ||a||    sup   \\D22K(X, su, sy)\\ + \\y\\    sup    \\D  D   K(X, su, sy)\\.
0<s<l 0<5<1
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Therefore, || K(X, u, y)\\ = 0(||a||2 + ||a|| •  ||y|| + ||y||) = 0(||a|| 2 + ||y||)  independent

of A.   Hence   \\v(e, y)|| = ||/(A(f, y), cuQ, y)\\ = 0(e2 +   ||y||).    If  ||y|| < e2  and

E(A, f) = (Af)-1[FT(A, (ii. + /(A, euQ, y), y), aQ] then by what we have just

proved

|E(A, e)| = c|Ae|-1OU2 + f2)=0(|i|).

Since  X(e, y) is the unique solution of equation (1.10) for a given (t a , y), if we

let  A = A(e, y)  we have

OO

X(c, y) = A0(l + A0E(A, i))"1 = A0 - A2E(A, c) + AQ £ (- l)"(AQE(A, f))",

72 = 2

Thus   |À(e, y)-AQ| =0(|f|).  D

Remark.  Theorem 2.8 shows the existence of solutions  of equation (2.14) in

a neighborhood of each nontrivial solution of equation (2.1).   A stronger result is

true for a neighborhood of a trivial solution of equation (2.1).   Differentiating the

left side of equation with respect to  x, and evaluating at  (A, 0, 0), we get  / -

AL.   If Aq  is an isolated element of the spectrum of L and A 4 A., then  I - XL

is a linear homeomorphism of X onto X.   Hence by the implicit function theorem

there exist a neighborhood A  of  (A, 0)  in  R x Y and a function h(X, y)  such that

for each (A, y) £ A,  (A, h(X, y), y) is the unique solution of equation (2.14).

Suppose equation (2.14) has the special form

(2.18) (/ - AL)x - T(A, x, e 2y) = 0

where   L  and  T  satisfy the hypotheses of Theorem 2.8, A    is a simple eigen-

value of  L, and in addition, D  T(X, x, y) = o(||x|| + ||y||    ) uniformly for  A near A  .

Let y be a fixed element of Y. We prove in our next theorem the existence

of a solution set of equation (2.18) branching out from (An, 0, 0) depending con-

tinuously on the real parameter e .

Theorem 2.9.   Let L  and T  be as indicated above.

(i) Equation (2.18) has solutions of the form (X(e), x(e), e y) for e near 0,

where  x(e) = caQ + v((), v(e) £ R(l - AQL).   AU)  and v(e) are continuous and (A(0),

x(0), 0) = (A0, 0, 0).

(ii) // T is in C" or is real analytic then X(c) and v(c) are in Cn~ or are

real analytic.

Proof. Consider solutions of the equation

(2.19) (; _ XL)x - T(A, x, [Px, Px]y) = 0.

If (A, x)  is a solution of equation (2.19) then (A, x, e )  is a solution of equation

(2.18), where e2 = [£a0, euQ] = [Px, Px].

Let T(A, x) - T(X, x, [Px, Px]y) and consider the equation  (/ - AL)x -
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T(A, x) = 0.   Then since   L  and  T  satisfy the hypotheses of Theorem 2.1 the

results follow.   G

PART III.   BIFURCATION FROM MULTIPLE EIGENVALUES

3.1. Consider the equation

(3.1) (/- AL)x- T(A, x)= 0

where  / - A.L  is a Fredholm operator of index zero.   N(l - AQL) n  R(l - AQL) =

[0|  and  T is a nonlinear map of a neighborhood of (AQ, O)  into  X  satisfying

H2-H4.

Theorem 3.1.  // the above hypotheses are satisfied and dim/V(/-A L) z's odd

then X     is a bifurcation point of equation (3.1).

Proof.   The theorem will be proved by the following lemma.   If H is a con-

tinuous map of  S into R", where  R"   is Euclidean 72-space, S       is the surface
r           r,n r,n

of the sphere of radius  r in  R", and 72  is odd, then there is some  x £ Sf      and

ß £ R  such that   H(x) = /3x.   For a proof see [2, p. 51].

By this lemma for each sufficiently small positive  r there is a ßr and a  ur

such that   ||a || = r and  PT(A^, a^ + /(A^, u)) = ßrUf where  A^ = A(ar).   By

Corollary 1.9   (A , a   + /(A , a ))  is a solution of equation (3.1).   Therefore, by

the continuity of A(a), A    is a point of bifurcation.   G

3.2. When dim N(l - AQL)  is even solving the bifurcation problem of equation

(3.1) becomes more difficult.   There is a simple example in which  L  is a self-

adjoint operator in a Hilbert space, dim N(l - AQL) = 2, L  and  T satisfy Hl—H4

and  T depends linearly on A, yet there are no nontrivial solutions of equation

(3.1) near (AQ, 0) (see[l, p. 121]).   Thus in general when dimN(I - XQL) is even

additional restrictions must be imposed on  T to guarantee the existence of solu-

tions of small norm for A   near A0.

Let us assume dim N(l - XL) = 2.

Theorem 3.2.   Suppose there exists a normalized basis \u., aj  of N(l - XL)

such that {PT(X, bu2 + f(X, bu^A), uA\ > 0 for small  \b\   and all X near X     where

{ , I is defined as in  §1.3-   Then AQ  is a bifurcation point of equation (3.1)

with respect to  0.

Proof.   PT, /(A, a)  and A(a)  are continuous in N(l - XL) with norm   ||  ||     =

[ , ]l/2.   For x, y £ N(l - XQL), x = ßy  if and only if [x, z] = 0, z £ {y\l.

For convenience we denote  aa   + bu    by (a, b).   With this convention

PT(A, (a, b) + /(A, a, b)) = (Tj(A, a, b), T2(X, a, b)),

where   Tj = {PT, a j]  and  T., = {PT, «, ].

For each (a, b) 4 (0, O), (b. -a)  is a basis of {(a, ¿>)|x. Therefore,

PT(A, (a, b) + /(A, a, b)) = ß(a, b) if and only if
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(3-2) bTl(X,a,b)-aT2(X,a,b)=0.

Choose  Cq > 0 so that A(a) is defined for all  a, ||a||H < cQ.   Let 0 < c < cQ.

By hypothesis for all A  near AQ, cTy(X, 0, c) > 0 and - cTj(A, 0, - c) < 0.   The

function 77(a, b) = bTyVia, b), a, b) - aT2(X(a, b), a, b) maps the connected set

fa £ N(l - A0L)| ||a||H = c\ into R.   We have seen that 7/(0, c) > 0, and  77(0, - c)

< 0.   Therefore, there is a point  (a, b ) of norm  c such that  H(a , b ) = 0.   Since

(X(a, b), (a, b )) satisfies equation (3.2) we obtain the equation  PT(X,û~ +f(X, u))

= /3z7 where   a = (a, b ), ||a ||H = c and  A = A(a ).   By Corollary 1.9 (A, a +

/(A, a ))  is a solution of equation (3.1).   For each small  c, there is a solution

(Ac, u,c   + f(Xc, u)) of equation (3.1).    || a  ||H =c and A    = A(a ).   Therefore, by

the continuity of A(a), XQ  is a point of bifurcation of equation (3.1).

PART IV.   COUNTEREXAMPLES

4.1.  In this section we give three examples to demonstrate that when some

of our hypotheses are removed many of the results of §2.1 are not valid.   In all

of our examples, T depends linearly on A, dim N(I - XQL) = 1, T /= 0  and   T

satisfies the-hypotheses of Theorem 2.1.

Example 1.  If AQ   is not a simple eigenvalue of  L then AQ  may fail to be a

bifurcation point of equation (2.2) with respect to 0.

Consider the system of equations in R:

(4-D x-A(x + y + y3) = 0,

(4.2) y - A(y - x 3) = 0.

Here   T is an odd operator defined by   T(x, y) = (y  , - x ), A   = 1 is an eigenvalue

of  L.   A computation will show  dim N(I — AQL) = 1   but  AQ   is not simple.   In

addition, T satisfies the hypotheses of Theorem 2.1 and is real analytic.   This

system has no solutions for A  near AQ = 1   other than  x = y = 0.   To see this,

suppose  (A, x, y)  is a solution.   Multiplying equation (4.1) by  y and equation

(4.2) by x, and subtracting we get A(y    + y    + x ) = 0.   Therefore, x = y = 0.

Example 2.  In this example   L + T is a gradient operator, T  is real analytic,

Aq   is a simple eigenvalue and   I - XQL is a Fredholm operator of index  0.   How-

ever, though  Aq   is a bifurcation point, XQ  is the only eigenvalue of the nonlinear

problem for x of small norm.

Consider the equations in  R,

(4.3) x - A(- 2x - x3) = 0,

(4.4) y - Ay = 0.
L  and   T   are as indicated above and  AQ = 1   is a simple eigenvalue of  L.   Equa-

tion (4.3) has no solutions other than x = 0  for A  near 1.   Suppose  x / 0  is a

solution of equation (4.3).   Then (l + 2A)x + Ax3 = 0.   Dividing by x and then by
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A we get A- (l + 2A) + x =0. But this equation has no real solution since

A- (1 + 2A) >0. On the other hand, equation (4.4) has no solution other than

y = 0  if A ¡¿ 1.  Aq   is thus the only eigenvalue for small   |x|.

Example 3.  Here  T is n times continuously differentiate, L  and   T satisfy

the hypotheses of Theorem 2.1, and AQ  is not the only eigenvalue, yet there is

one eigenvalue with infinitely many (nonlinear) eigenfunctions  x.   Moreover, for

each integer  N, there exists a sequence of eigenvalues, different from AQ, such

that each eigenvalue has at least  N eigenvectors and the eigenvalues and eigen-

vectors converge to AQ and 0 respectively.

Consider the equation

(4 5) x — A(x + xm sin(x~ 1 )) = 0

for x e R.  xmsin(x-   ) is 72 times continuously differentiable for  m = 2n + I.

Clearly the hypotheses of Theorem 2.1 are satisfied and  AQ = 1   is a simple

eigenvalue of the linearized part.   Dividing (4.5) by  x we get

(4.6) (1 -A) + xm-1sin(x-1) = 0.

Since  xm~   sin(x~   ) ¡à 0, XQ  is not the only eigenvalue.   For A = XQ  there corre-

spond infinitely many solutions of small norm.

Let  N be an integer.   Then since  sin(x~   )  oscillates about 0, we can find

a sequence |A  \, X   —> AQ, such that for each A    there correspond  N distinct

values  xn  , ■ ■ ■ , xn     and each  (A  , xn ) satisfies equation (4.6) and  xn   —» 0.
1 N n        i i

Since solutions of equation (4.6) are also solutions of equation (4.5) we have

shown the existence of the sequence described above.

PART V.   APPENDIX

We will now give the proofs of those theorems cited in previous sections

without proof.

Theorem 5.1.   Let  L  be a bounded linear operator mapping a Banach space

X  into itself.   Suppose  N(L)   is finite-dimensional.    Then X = N(L) © R(L)  if

and only if L   is a Fredholm operator of index zero and N(L) O R(L) = |0¡.

Proof. We denote the space of all bounded linear functionals on  X by  X  ,

the adjoint of  L  by  L    and for any subspace   N, N    is the set of annihilators

of  N.

Suppose  X= N(L) © R(L).   Then  R(L) is closed and  R(L)L = N(L').   Let

722 = dim N(L).   Then the dimension of the dual space   N(L)     of  N(L)  must also be

be  222.   But  R(L)    is equivalent to N(L)'.   Hence dim N(L  ) = m and  L is a

Fredholm operator of index  0.

Suppose now   L  is Fredholm and  ind (L) = 0.   Let  m = dim N(L) =

dim N(L ').   N(L) © R(L) is closed.   Suppose   X / N(L) © R(L).   Then there is a
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nonzero vector x„  £ X such that  xn ß N(L) © R(L).   Let x,, x,, • • • , x     be a
u u i        ¿ m

basis of  N(L),   By the Hahn-Banach theorem there exist  772 + 1   bounded linear

functionals   yQ, y ^, •• • , y     such that for 0 < i, j < m; [x ., y.] = 0  for  i /= j,

[x., y] = 1  and  [x, y] = 0  for  x £ R(L).   The  y. are linearly independent ele-
11.it 1

ments of R(L) and R(L) = N(L ). However, dim N(L ' ) = 722 so there cannot be

to + 1   linearly independent vectors in  N(L ' ).   Therefore  X = N(L) © R(L).   o

We now prove Lemma 1.5.

To show statement (i), choose e > 0. By hypothesis there is a neighborhood

A  of (x_q, 0) such that if  (x, y) £ A then (x, ty) £ A for 0 < ; < 1  and

sup      ||D2T(x, y)|| < c < 00.

(x, y)eA

Let 8 = e/c.   Then for any  (x, y) £ A  with   ||y|| <8 we have by inequality (2.17)

Urtx, y)|| = ||T(x, y) - T(x, 0)|| < ||y||   sup   \\D2T(x, ty)\\
0<z<l

< llylk <8c < (e/c)c = f.

To show statement (ii), let  A = /Vj x N2  where   Nj   is the neighborhood of

Xq   specified in the hypothesis of (ii); N2   is a neighborhood of y = 0  such that if

y e N2, then  ty £ N2  tot 0 < t < 1; and  N^ x N2   is in the domain of   T.   Choose

e > 0.   There exists a  8 > 0  such that   ||D2T(x, y)|| < c fot (x, y) £ A with ||y|| < <5.

Hence for  (x, y) £ A  with   ||y|| < 8,

\\T(x, y)\\ = ||T(x, y) - T(x, 0)|| < ||y||    sup   ||D2T(x, /y)|| < ||y||f.
0<z<l

Therefore, ||T(x, y)|| = o(||y||).   D
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