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ABSTRACT. We consider the bifurcation problem for the nonlinear operator
equation x =ALx + T(A, x, y) in a real Banach space X. Here A is an eigen-
value of the bounded linear operator L, X = N(I — ML) @ RUI-A)L), Te c!
and T is of higher order in x.

New techniques are developed to simplify the solution of the bifurcation prob-
lem. When A is a simple eigenvalue,); is shown to be a bifurcation point of the
homogeneous equation (i.e. y = 0) with respect to 0. All solutions near (A, 0)
are shown to be of the form (A(e), x(¢)), 0 < ‘cl <€ps Me) and x(e) are continuous
and Ae) and x(¢) are in C” or real analytic as T is in C or is real analytic.
When T is real analytic and A(e) # A, then there are at most two solution branches,
and each branch is an analytic function of A for A£ A,. If T is odd and analytic,
for each A € (- 3, Ay (or M €N, Ap+ 8)) there exist two nontrivial solutions
near 0 and there are no solutions near 0 for A €(Ags Ag + 8) (or A € (Ao— 3, A

We then demonstrate that in each sufficiently small neighborhood of a solu-
tion of the homogeneous bifurcation problem there are solutions of the nonhomo-
geneous equation (i.e. y # 0) depending continuously on a real parameter and on y.

If A, is an eigenvalue of odd multiplicity we prove it is a point of bifurcation
of the homogeneous equation.

With a strong restriction on the projection of T onto the null space of I — AjL
we show A, is a bifurcation point of the homogeneous equation when A is a double
eigenvalue.

Counterexamples to some of our results are given when the hypotheses are
weakened.

Introduction. In this paper we investigate the bifurcation problem for a non-

linear operator equation in a real Banach space. We seek solutions (A, x, y)
near ()to ,0, 0) of the equation

(I-ALx = T\, x, y) =0

where L is a bounded linear operator and T is continuously differentiable and of
higher order in x, and A is an eigenvalue of L. When the null space of I - AoL
is finite-dimensional we assume /- AL is a Fredholm operator of index O.

I'- AL satisfies a comparable hypothesis when the null space is infinite-dimen-

sional.

Krasnosel'skii [5] considered the homogeneous equation (where y =0) for /\0
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a simple eigenvalue. He assumed that T depends linearly on A, and made further
assumptions regarding the projectionof T(x) onto the null space of I — A L. With
these restrictions he was able to prove that A, is a bifurcation point of the equa-
tion with respect to 0.

We can dispense with these additional hypotheses and yet obtain the same
conclusion for the homogeneous case when A is a simple eigenvalue.

Using simple methods based on the implicit function theorem, we develop
the complete solution of the bifurcation problem when Ao is a simple eigenvalue.
These same techniques also enable us to prove that if Aj is an eigenvalue of odd
multiplicity then A is a bifurcation point of the homogeneous equation.

In Part I we introduce several simplifications of the bifurcation problem. We
show that the problem is equivalent to finding solutions of a related operator equa-
tion in the null space of - )\OL. For the homogeneous case we prove the exis-
tence of a unique function, Aw), expressing A as a function of the vectors in the
null space. The function A(x)has the property that if (X, u, 0) is a solution of the
related equation thep A = A(x).

The solution of the bifurcation problem when A, is a simple eigenvalue is
developed in Part II. The solutions (A, x, 0) of the homogeneous equation are
shown to be a continuous function of a real parameter, varying in a neighborhood
of 0. This function is n times continuously differentiable or real analytic as T
is n + 1 times continuously differentiable or real analytic. When T is real analytic and
Ao is not the only eigenvalue of the nonlinear equation, there exists at most two
distinct solution branches depending continuously on A, and each branch is
analytic in a deleted neighboxlhood of A,.

We proceed from the homogeneous case to the nonhomogeneous case. We
demonstrate that in each sufficiently small neighborhood of a solution of the
homogeneous equation there are solutions of the nonhomogeneous equation depend-
ing continuously on a real parameter and on y.

Our methods do not yield any results for the nonhomogeneous equation when
A= )\0. For this important case the reader is referred to the survey article of
Vainberg and Trenogin [7] and the references cited therein.

When A, is an eigenvalue of higher multiplicity the bifurcation problem for the
homogeneous equation becomes more’difficult, and in general A, is not a point
of bifurcation. Nevertheless, some results for A, of higher multiplicity have been
obtained. Krasnosel'skii [4] showed that if L + T is compact and is a gradient
operator depending linearly on A then A is a point of bifurcation. He also
showed, by means of the degree of a mapping, that if L + T is compact and A
is an eigenvalue of odd multiplicity then A is a bifurcation point.

In Part IIl we show that under our hypotheses, if A is an eigenvalue of odd

multiplicity then A is a point of bifurcation of the homogeneous equation with
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respect to 0. We thus eliminate the restrictions that L + T be compact and T
depend linearly on A.

In addition, by imposing the strong restriction on T that one of the components
of the projection of T onto the null space of I - A L is of constant sign, we show
that if A is a double eigenvalue then A/ is a bifurcation point of the homogene-
ous equation with respect to 0.

Part IV includes counterexamples to some of our results when the hypothe-
ses are weakened. One of the examples shows that if )\0 is not simple and the
dimension of the null space of I - AjL is one, then A, may fail to be a bifurca-
tion point.

This paper is based on a part of the author’s dissertation submitted to the
Belfer Graduate School of Sciences, Yeshiva University in candidacy for the degree
of Doctor of Philosophy. The author expresses his thanks to Professor M. S.

Berger for constant encouragement and numerous helpful suggestions.
PART I. THE BIFURCATION PROBLEM AND ITS REDUCTION

1.1. In this part we introduce the general bifurcation problem and develop
techniques which facilitate its solution.

Let X and Y be real Banach spaces, L a bounded linear map of X into X and
let Ay be an eigenvalue of L. Suppose we perturb L by adding a nonlinear oper-
ator T which is continuous in a neighborhood of ()\0, 0,0) in Rx X xY with

range in X. We seek solutions (A, x, y) of the equation
(1.1) (I=AL)x — T\, x, y) =0 .
for (A, x, y) near ()\0, 0, 0).

We make the following assumptions about L and T:

HL. RU - A(L) is closed and X = N(I - A L) & R(I - AyL), where R(I - A L)
denotes the range of [ — AL and N(I— A L) its kernel.

H2. T(XA, 0, 0) = O for all A near Ay Tis continuously Fréchet differentiable
in a neighborhood of ()\0, 0, 0) and D2T()\, 0, 0) = 0 for all A near Ao

When N(I - AOL) is a finite-dimensional subspace of X then H1 is equiva-
lent to the assumption N(/~A L) N R(I - A L)=1{0} and I - A L is a Fredholm
operator of index O (see appendix for the proof).

There are many instances when condition H1 is met. HI is satisfied when,
for example, L is compact and N(I — /\OL) N RU - /\OL) = {0}; or if X is a Hilbert
space and L is a compact selfadjoint map.

In a later section it will be convenient to assume T is real analytic. For

symmetric n-linear forms [6, p. 179], [7], we set

nyp  n2 nk
a"(xl,...,xl,xz,...,xz’...,xk,...,xk)=an(x1 y Xy yree, Xy ).
—————
ny times n, times ny times
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Ve then say an operator T is real analytic at a point x if it is infinitely differen-

tiable at x, and, in some neighborhood of x, is expressible as a Taylor series

o0
T() = Y a (xg; (x = x0)™)
n=0
where each @ is a continuous symmetric n-linear form. An operator T is called
real analytic ’Ef it is real analytic at each point of its domain.
We shall make essential use of the following form of the implicit function
theorem.

Theorem 1.1 (implicit function theorem). Let X, Y, and Z be Banach
spaces, (xo, yo) €XxY and let T be a continuous map of a neighborhood A of
(xo, yo) into Z such that D,T exists and is continuous in A. Suppose T(xo, yo)
=0 and DZT(xO' yo) is a linear homeomorphism of Y onto Z. Then there is an
open neighborbood U of x,and an open neighborhood V of y, such that the follow-
ing are lrue:
(i) There exists a unique continuous function [ mapping U into V such
that T(x, {(x)) =0 for x € U.
(ii) If for x €U and y €V, T(x, ¥) = 0 then [(x) = y.
(iii) If T € CYA) then [ € CYU) and the derivative of { is given by

Df(x) == (D,T(x, J1€9)) D, T(x, {(x)).
(iv) If T € C™A) then [ € C™(U).
(v) If T is real analytic in A then [ is real analytic in U.

Proof. The proof is a straightforward application of the contraction mapping
principle. (See [3, pp. 194—196], [6, pp. 265-269] and [7].) O

The problem of finding solutions of equation (1.1) can be reduced to finding
solutions of an equation in N(I - A L). If dimN(I — A L) < oo the original problem
will thus be simplified to a finite-dimensional one. We now proceed with this re-
duction.

By H1, if x € X, x =« + v where « € NI - A(L) and v € R(I -A)L) and there
exist canonical projections P and P* of X onto N(I - AoL) and X onto
R(I - A(L) respectively, such that P(x) = P(x + v) = « and P*(x) = P*(u + v) = v.

Since the operators I — AL and I - AjL commute, R(I - AyL) and
NI - )\OL) are invariant under I — AL. Thus we see that for # € N(I - )\OL) and
v € RU = A(L), P(I = AL) (2 + v) = (I = AL)z and P*(I = AL)(x + v) = (I = AL)w.
Therefore, x = u + v is a solution of equation (1.1) for A and y if and only if for
A and y, # and v are a solution of the system of equations
(1.2) (I-ALYu-PT\, u+ v, y) =0,
(1.3) (I- ALYy = P*T(\, u + v, y) = 0.
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Using the implicit function theorem we show that for each (A, », y) near
(A9, 0, 0) equation (1.3) always has a unique solution v in R(I - A,L). For con-
vience we denote N(I - )\OL) by J.

Theorem 1.2. There exist a neighborhood A of (X, 0, 0) in the product
space Rx NUx Y, a neighborbood B of 0 in R(I - A,L), and a unique continuous
map f of A into B, such that the following are true:

@) U =ALY N, u, y) = P*TN, u+ [\, u, 9), y) =0 forall (A, u, y) € A.
(ii) If (A, u, y) €A and v € B satisfy equation (1.3), then f(\, u, y) = v.
(iii) f € C! and

(1.4) DI, u, y) =~ (D,F(z, {(z))! o D F(z, {(2))
where z =\, u, y) and
(1.5) F(A\, u, y), v) = (I = AL)v — P*T(A, u + v, y).

(iv) If T € C" then f € C".
(v) If T is real analytic then { is real analytic.

Proof. By H1, I~ AL isa 1-1 map of R(I - AjL) onto R(I- A L). Then by
the bounded inverse theorem, I — AOL is also a linear homeomorphism. The oper-
ator F defined by equation (1.5) is a continuous map of an open neighborhood of
(A, 0, 0), 0) € (R x Jx Y)x RU = AgL) into R(I-AgL). F((\,,0,0), 0) =0,

D,F is continuous and D,F(A,, 0, 0),0)=1- AoL. The results then follow

immediately from the implicit function theorem. O

Corollary 1.3. If (A, u, y) near (A, 0, 0) in Rx N(I-AjL)x Y satisfies
the equation

(1.6) (I = AL)e — PTA, u+ f(X, y),y) =0

then (A, u+ f(\, u, y), y) is a solution of equation (1.1). Conversely, if (A, x, y)
near ()to, 0, 0) satisfies equation (1.1), then, if x=u+ v, (A, u, y) is a solution
of equation (1.6) and v = f(\, u, y).

Proof. The proof of this corollary follows by Theorem 1.2 and our previous
discussion. O

Corollary 1.3 implies that the solutions of small norm of equation (1.1) for A
and y near A and 0 are completely determined by the solutions of small norm of
equation (1.6).

Definition. Let (A, 0) be a point in R x X and K a continuous map of a
neighborhood of (A, 0) into Y. Suppose K(X, 0) = 0 for all A near Ao- The real
number A, is called a bifurcation point of the equation K(A, x) = 0 with respect
to 0 if, for any €, 8 > O there exist a real number A and a nonzero vector x € X
such that K(A, x) = 0 and 0 <|A-Aj| <€ and ||x|| <8&.
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Corollary 1.4. A is a bifurcation point of the homogeneous equation

(1.7) (I-AL)x - T(A, x, 0) = 0

with respect to 0 if and only if /\0 is a bifurcation point of the homogeneous
equation

(1-8) (I - )\L')u -_ PT(A: U+ /(Al u, 0), 0) =0

with respect to 0.
Proof. This fact follows from Corollary 1.3..0

1.2. We impose two additional assumptions on T. With these hypotheses a
further simplification of our problem is possible. Let T(A, x) = T(A, x, 0) and
fA @) =f(A, u, 0).

H3. Either DZT()\, x) — 0 uniformly for A near Aj as x — 0, or
dim N(I = AjL) < oo,

H4. ||D, T(A, x)|| = o(||x]) uniformly for A near Ag.

Remark. If T is either of the form T(\ x) = AT(x) or T(A, x) = T(x), it is
unnecessary to assume H3 and H4, since they are consequencés of H2 and the
definition of the derivative.

The following lemma will be used in the proof of Lemma 1.6. Its proof will be

given in the appendix.

Lemma 1.5. Let (x(, 0) € Xx Y and T be a continuous map of a neighbor-
hood of (x,, 0) into Z.
(i) If T(x, 0) = 0 for all x and D,T is continuous, then as y — 0, T(x, y)
— 0 uniformly for all x in a neighborhood of x,.
(ii) If, in addition, as y — 0, DZT(x, y) = 0 uniformly for x in a neighbor-
hood of x, then IT(x, )| = olllyll) uniformly for x in a neighborbood of x -

With H3 and H4 we prove the following lemma:

Lemma 1.6. There exists an interval A about A, such that the following are
true:
@) i/ @) = o||«l]) uniformly for A € A.
i) | T\, u + [\, D = o(||«|)) uniformly for X € A.
(iii) ||D1f()\, u)|| = ol||z|)) uniformly for A € A.

Proof. By Theorem 1.2, /(A, 0) =0 for A near A, and D,f is continuous.
Lemma 1.5 implies f(A, ) — O uniformly for A near A as z — 0. It is well
known that a continuous map of a closed bounded subset of a finite-dimensional
Banach space into a Banach space is uniformly continuous. Hence, by H3,
DZT()\, u+ f(A, u))— 0 uniformly for A near Ay as u— 0.

By equations (1.4) and (1.5),
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(1.9) Dof( w) ==[D,F(A w), f(A D]~ 1 o[- D,P*T(A, u+ f(N, w))]
where F(\, @), ) = (I = AL)v — P*T(\, u + v). From equation (1.9) we get the ine-
quality

1D,/ A, )| < |[D,F(A, ), [, ) ID,P*T(A, u + [\, W))|.

By continuity there is a neighborhood of ()\0, 0) for which ||[DZF(()\, )y [N )11
is uniformly bounded. Thus there is a neighborhood A about A for which
sz()\, u) — 0 uniformly for A € A as u — 0. Statement (i) then follows by
Lemma 1.5.

To show statement (ii) we note that the partial derivative of T(A, u+ f(A )
with respect to u goes to 0 uniformly for A € A as u — 0. The result then
follows from Lemma 1.5.

We now prove statement (iii). By equation (1.4)
Dl/()\, u)
== [D,F(A @), f, &I~ oD (U = ALY\, @))= D P*T(\, u+ f(A, 0)].
A computation shows that for B8 € R, D (I - AL)v) (B)= — BLv. Therefore,

1D/, @ < MD,FUA, ), (A, AL A, D) + Dy P*TQ, w + f(A, )|

Statement (iii) of the lemma then follows from statement (i) and H4. O

1.3. For the remainder of this paper we assume

H5. Either X is a Hilbert space or dim N(I - AoL) < o

We find it convenient to introduce an inner product on N(I —)\OL). If X isa
Hilbert space take [, ] to be the inner product of X. If X is not a Hilbert space

choose a basis u, u u, of N(I-AjL) with [z, =1 and let [, ] be the

EEEI
inner product defined by

lu, @l =lajuy + -+ au b +-o+b ul=ab +... 4 ab .
It can be verified that [ , ] is a continuously differentiable map and there exist
constants c,, ¢, > 0 such that c1||u||2 <lw, 4] < c2||u||2 for all « € N(I = )LOL)

(for X a Hilbert space, ¢, = ¢, = 1).

1
Suppose (A, #, y) is a solution of equation (1.6). Then taking inner products

(1= ALYu — PTO\, u + f(\, u, y), y), ul = 0.
Simplifying, we obtain
(1.10) A=lu, d(Lu+ X"IPTOG w+ [N, u, 9), y), u)™ !
when y = 0 this becomes
(1.11) A=lu, @][Lu+ A"YPTO, u + (A, ), ]~ 1.

Hence every solution of equation (1.6) or (1.8) is also a solution of equation

(1.10) or (1.11). The converse of course need not be true. We can show, however,
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that for each u sufficiently near 0, equation (1.11) always has a unique solution A.

Theorem 1.7. There exist a neighborhood B of 0 in N(I - A(L), an interval
A about A and a unique continuous function Aw) mapping B into A such that
the following are true:
(i) For u € B, A = M) is the unique solution of equation (1.11) and No0)= )\0.
(ii) If A € A and u € B satisfy equation (1.11) then A = A(u).
(iii) If T € C" or is real analytic then in the deleted neighborbhood of 0,
AMu) € C™ or is real analytic.

Proof. Let G(A, ) = [, u)[Lu+ A"1PT\, u+ f(\, w)), «]~!. Then
GQ\, ) = [u, Wd A5 u, &) + X=1IPTO, w + f(\, @), u]}!
= {Aal + A" My, w]"MPTO, u+ [\, ), «l}~ L.
By our. previous discussion
W, d=HPTQ, u+ [\, ), | < k2| "HIPTO, w+ [(, 2)].

Lemma 1.6 therefore, implies G is continuous in a neighborhood of ()\0, 0) and
G(A, 0) = A for all A near Aj. Clearly DG exists and is continuous in an open
set not containing points of the form (A, 0). We will show D,G exists and is
continuous in an open neighborhood of (Ao, 0). For convenience let T(\, u) =
[PTO, u+ /O, @), ul. [T, )] < k, | PTO\, « + (A, &) ||| and so by Lemma 1.6

(1.12) 1T\, 0] = of ||| ?)
uniformly for A near AO. Furthermore, the same is true for Dl'f". For B €R,
Dl'?'()\, u) (B)

=D, PTO\, u+ [, D)(B), u) + [D,PTN, u+ [N, &) oD f(A, 2)(B), ul.
Hence

|D1'f'()\, u)| < k2||u||{||DlPT()\, u+fQ\ )| + ID,PTA, u+ f(, w))| D,/ @)}
Thus by H3, H4 and Lemma 1.6
(1.13) ID, T, o) = o)
uniformly for A near A.
Since G(A, 0) = A for all A near Aj, D,G(A, 0) = O for A near A;,. A compu-

tation shows that

DG, u) = - (G, )[w, ]~ M= A"2T(\, «) + 271D TN, ).
Therefore

ID,G(, 2] < ky (GO, a)? |~ 2(AI=2TO, @] + A= D, T, ).

By continuity (G(A, #))? is uniformly bounded in some neighborhood of (A5 0).
Therefore, by equations (1.12) and (1.13), D,G(A, #) — O uniformly for A as
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u— 0. Thus D G is continuous in a neighborhood of (/\0, 0).

Let F(\, u) = G\, «) = A F and D F are continuous. F(A,0)= 0,
DIF()\O, 0)=-1 and D,F isa linear homeomorphism for (A, #) in a neighborhood
of (Aj, 0). The results then follow by the implicit function theorem. (Conclusion
(iii) follows when the implicit function theorem is applied to neighbor-
hoods of points (A, ), u # 0, near (A, 0).) O

Theorem 1.7 simplifies the problem of finding solutions of equation (1.7). It
is clear that if u near 0 is a solution of

(I = M@)L)u — PT(\N @), u + (M), &) = 0

then (A, u + f(A, u)) satisfies the homogeneous equation (1.7) where A = ).

Theorem 1.8. If for A € R, u is a solution of sufficiently small norm of either

(1.14) (I = AL)u — PT(\(w), u + f(AMu), 2)) =0
(1.15) (I = AL)u — APT(u + f(AMx), ©)) = 0

(when T()t]. %) = AT(x)) then Mu) = A and (A, u + f(A, u)) is a solution of equa-
tion (1.7).

Proof. We prove the theorem for equation (1.14). If (\, u) satisfies equation
(1.14) u= ALu+ PT(B, u+ (B, u)), B = A(a).

Since Lu=Aj 4 there is a y suchthat yu= BLu+ PT(B, u+ f(B, u)). Then
v/B =lu, «)™'Lu+ B~1PT(B, u+ f(B, w)), u] = A()~!=1/B. Hence y=1 and

the result follows. The proof for equation (1.15) is similar. O

Corollary 1.9. If for some B € R and u in a small neighborhood of 0,
PT(R (), u + /(X(u), u)) = Bu then M\, u+ /'(7\, u)) is a solution of equation (1.7)
where A = M).

Proof. Since Lu=Aj 14 there exists a 3, such that (I - B,L)u -
PT(, u + f(A, »)) = 0. Hence by our previous theorem the result follows. O

Theorem 1.10 (uniqueness). Suppose (A, x) and (\', x') are solutions of
equation (1.7) near ()\0, 0) and Px = Px'. Then (A, x) = W', x').

Proof. By Corollary 1.3 x = u + f\, u) and x'=u+ f(\', u). As we have
seen in our discussion preceding Theorem 1.7, (\, ») and (A', u) are solutions of
¢ \d [ [
equation (1.11). But by Theorem 1.7, A=X". Hence (A, x)= Q\ ,x').0O

PART II. BIFURCATION FROM A SIMPLE EIGENVALUE

2.1. Let X and Y be Banach spaces. Inthis section we prove the existence

of nontrivial solutions of the nonlinear operator equation

2.1) (U—-A)x—TQ, x,0)=0
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near (), 0) in R x X. A is a simple eigenvalue of the bounded linear operator
L,and T is a continuous map of a neighborhood of (A),0,0) in R x X x Y into
X. We recall that an eigenvalue A is called simple if all the solutions of the
equations ([ - AL)?x =0 (n=1, 2, ... ) are simultaneously solutions of the equa-
tion (I -AL)x =0 and dim N(I - AL) = 1, [5].

We assume I - A L is a Fredholm operator of index 0 and T satisfies con-
ditions H2—H4 of Part I. Under these hypotheses the reductions of Part I apply
to our equation.

To simplify the notation we express equation (2.1) as
(2.2) (I = AL)x — T(A, x) = 0.

For our work in this section and in §2.2 let u, be a fixed normalized vector in
N(I - )\OL).

Theorem 2.1. Suppose A is a simple eigenvalue of L, I - AL is a Fred-

bolm operator of index 0, and T satisfies conditions H2—H4 of Part 1.
(i) A, is a bifurcation point of equation (2.2) with respect to 0.

(ii) There exists an interval A about 0, such that for each nonzero ¢ € A

equation (2.2) has a unique nontrivial solution of the form
x=xle) = euy +vle), A=A,

where v(e) € RU = A L), vle) and Me) are continuous, ||1le)| = o(|¢]) and M0) =A,.

(iii) Moreover, every solution near (/\0, 0) of equation (2.2) is of the form
given in statement (ii).

(iv) If T(A, x) = AT(x) then

(2.3) Me) = Aot + Age™ PT(x(e)), uyli~ 1.

Proof. We have shown in Part I that if (A, ) € R x N(I = A L) is a solution
of equation (1.8) then (A, u) is also a solution of equation (1.11). When )\0 is a
simple eigenvalue the converse is also true. Suppose (A, u) = (A, €%;) is a solu-
tion of the equation (1.11). Then [(/ - AL)u — PT(A, u + f, %)), u] =0. Divid-

ing by € we get

(I =AL)u = PT(A, w + f\, @) = [(1 = AL)u = PT(A, u + (N, ), uglug = 0.
Consequently, (A, z) = (A, euo) is a solution of equation (1.8). By Theorem 1.7
there exists a neighborhood A of 0 in R such that for each ¢ € 4, (Me ”0)"”‘0)
is the unique solution of equation (1.11). Thus, by Corollary 1.3, for each non-
zero € € A, (M), x(¢)) is the unique nontrivial solution of equation (2.2), where
(2.4 x(€) = eupy + vle) = euy + [(M(e), eny)

and

(2.5) Me) = X(euo).



1972] BANACH SPACE BIFURCATION THEORY 145

Since f(A, u) € R(I - )\OL), vle) € R(I - AOL). The continuity of x(¢) and AMe) is a
consequence of their definitions and of Theotems 1.2 and 1.7. Moreover, since
(X(e»uo), €u,) is the unique solution of equation (1.11), A0) = A0) = Ay- The equa-
tion |v(e)|| = o(le]) is a consequence of Lemma 1.6. Therefore, we can also con-
clude that A is a bifurcation point of equation (2.2) with respect to 0.

Statement (iii) is seen to be a consequence of the uniqueness of [(A, ) and
Nu).

To verify statement (iv), suppose T(A, x) = AT(x). Then, by Theorem 1.7,

equation (1.11) becomes

X(cuo) =Apfl + )\Oe’l[PT(euo + /(X(euo), €uy)), u0]§-l
which gives us equation (2.3). O
The functions v(¢) and Ale) of Theorem 2.1 are defined in terms of f(A, u)

and A(»). We therefore, reach several conclusions about the differentiability of
e) and Ae).

Theorem 2.2. If in addition to the hypotheses of Theorem 2.1, T € C", then
the following are true:
(i) &) € C"~UA) and Ae) € C?*~1(A).
(ii) vle) € C™(A - 10}) and A(e) € C*(A - {0}).
(iii) If n>2 then |AMe) — Ayl = O(|e]).

Proof. Equation (1.11) is equivalent to
)\ = {Aal + (A[Zl, u])-l[PT()\, u + f(A, ll)), u]}-l°

Hence A = ()\6'1 + e LEQ, )1 where E(, &) = A"[PT(, euy + (A, €ug)), u,).
E is a function of two real variables. E(A, 0) =0 for all A near A, and E € c".
By a real variables argument e YEW, ¢) € C" 1. Since Ale uo) is defined via the
implicit function theorem, Ae u,) €C” =1 in a neighborhood of 0. Hence by
equations (2.4) and (2.5) and Theorems 1.2 and 1.7 statements (i) and (ii) follow.

If »> 2 then by statement (i), Ale) € C!. Therefore, Ale) must satisfy a uni-
form Lipschitz condition near 0 and statement (iii) follows. O

Theorem 2.3. If in addition to the hypotheses of Theorem 2.1, T is also
real analytic then so are ul¢) and Me). This implies that all solutions of equa-
tion (2.2) near (A, 0) are of the form

(2.6) x = €ugy + Z v,
n=2
(2.7) A= )‘0 + Z )\ne”.

n=1
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Proof. Let E(A, ¢) be as defined in Theorem 2.2. Then, since E is real
analytic

EQ, 9= 3 1,0
n=0

where /n is real analytic for =0, 1, 2, ... . However, since E(A, 0) =0 and
D,E(A, 0) =0 for A near Ay, f{,(A) =0-and f,(A) =0. Therefore, e LEW, o is
real analytic. The function Ae "0) is defined by an application of the implicit
function theorem and is therefore real analytic. Hence A(e) is real analytic. In
addition, since the composition of analytic functions is real analytic, it follows
from equation (2.4) that v(e) is also real analytic. O

Many problems in mathematics require that for each A near XO one determine
the number of solutions of equation (2.2). Since for each ¢ near 0 there is a
unique eigenvector x(¢), to arrive at the number of eigenvectors corresponding
to an eigenvalue A one need only compute the number of distinct € such that
A = Me). In general each eigenvalue may have many eigenvectors (see Example
3 in Part IV). If, however, T is real analytic then unless A, is the sole

eigenvalue each eigenvalue has at most two eigenvectors.

Theorem 2.4. Suppose L and T are as in Theorem 2.3.
D) If Me) = Ao then A is the only eigenvalue of equation (2.2) for small EP

(i1) If Me) £ A, there is a smallest positive integer N such that the coef-
ficient Ay in the power series (2.7) is nonvanishing. In addition, equation (2.2)
does not have nonzero solutions of small norm for X = A .

(iii) If N is odd, for each A near /\0, equation (2.2) has exactly one non-
trivial solution #(\) near 0. The function £(A) is continuous for A €
(/\0 =8,, 4 +82). Moreover, if N =1, £(\) is real analytic in Ay -0, Ay + 32),
and if N> 1, Z(\) is real analytic in Ay -8, Ag) and in Ay, Ay + 8,).

(iv) If N is even and Ay >0 ()\N < 0), for each A € ()\o, Ag + 8) (A€ ()to -
5, )\0)) equation (2.2) has exactly two nontrivial solutions :?l(/\) and :?z()x) near
zero and there are no solutions of small norm for A € Ay — 8, ;) (A € (A, Ay + ).
The functions £,(A) and £,(A) are continuous for A € [Ay, Ay + 8) (A ey -8, A).
In addition, x,(A) and %,(A) are real analytic in (A, Ay +8) (A, = 8, A)).

Proof. By virtue of Theorem 2.3 and the analyticity of Ale), statements (i)
and (ii) are obvious.

The rest of the theorem is proved by considering the derivative of Ale):

Ae) = Z )\nnc"_l.
=N

Therefore A'(e) = )\NNeN_l + b(e), where |hle)| = o(|e|N ™).
Suppose N is odd. Then N —1 is even and for € £0, )\NNeN"‘l has
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constant sign. Since |h(é)]| = o(|e|N" 1), signA(e) = sign )\NNeN'l for € near 0.

Therefore, Ae) is a monotone function on an interval (- ¢ ). The range of Ae)

, €
must then be an interval ()\0 - 51, Ay + 32). o

If A £0 then A'(e) £ 0 forall € € (—eo, eo). By the implicit function theo-
rem M¢) has a real analytic inverse #(A). The map &) = x(:(\)) for A €
()\0 - 31, Ay + 82), gives us statement (iii) for N = 1.

If N>1 and odd, A () # 0 for e £ 0, € € (- €0 ‘0)' For each 8 > 0 the
function Me) restricted to (- €0 8] has a real analytic inverse and the function
Me) restricted to [, €,) has a real analytic inverse. Thus there exists a continu-
ous inverse i(A) of Me) mapping (A, - &,, A, +8,) into (- ¢y, ¢;). Furthermore,
i) is real analytic in (A\j - &, A;) and in (Aj, Ay + 8,). The map £ =
x(i(N), A € ()\0 ~8,, A, +8,) gives us statement (iii).

Suppose N is even. We assume Ay > 0. The case of Ay <0 is handled
analogously. N -1 is odd, which means /\NNeN'l <0 for €< 0 and ANeN"1>0
for €> 0. Hence for ¢ <0 and near 0,A'(e) <0 and Me) is thus a decreasing
function. On the other hand, for ¢ > 0 and near O, A () >0,and Me) is an
increasing function. Therefore Aj <Ae) for all € near O and the range of
Me) is a half open interval [Aj, Aj+8,). This implies there are no solutions
of small norm of equation (2.2) for A € (A, - &, Ay). For each § <0 the func-
tion A(e) restricted to (- ¢, 5] has a real analytic inverse. As before, Ale)
restricted to (- ¢, 0], has a continuous inverse i,(A) and i,(A) is real
analytic in (A, Aj + 8,). Similarly, Me) restricted to [0, eo) has a continuous
inverse iz()\) and iz()\) is real analytic in (A, Aj + 8,). The maps %, =
x(i,(N) and fz()\)=x(i2()t)) for A €[A), Aj + 8)) give us statement (iv). O

Theorem 2.4 implies the following:

Corollary 2.5. If L and T are as in Theorem 2.1 and T is real analytic,
then either A is the only eigenvalue of equation (2.2) for x of small norm, or
the eigenvalues of equation (2.2) near A bave at most two nontrivial solutions

of small norm.

In general, unless more is known about the operator T, Ay of Theorem 2.4
must be computed to determine if the solutions of equation (2.2) are as in state-
ments (i), (iii) or (iv). The next two corollaries give conditions on T which

enable us to ascertain the nature of the solutions without explicitly evaluating A.

Corollary 2.6. If T is real analytic and odd (that is, T(\, - x) = = T(\, x)),
then either A is the only eigenvalue near Ay of equation (2.2) for x of small
norm, or there exist just two continuous solution functions %,(A) and %, () of
equation (2.2) for A € [A), Aj +8) or A€\ -8, A)) and there are no small so-
lutions for A € (/\0 -9, )\0] or A € [)\0, Ay + 5).
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Proof. T is odd; therefore if (A, x) is a solution of equation (2.2) then so is
(A, — x). Hence there exist at least two distinct solutions for each eigenvalue.
Statement (iii) of Theorem 2.4, which implies the existence of just one solution
for each A obviously does not obtain here. The solutions must therefore be as in

statement (i) or (iv) of Theorem 2.4. Hence the result. O

Corollary 2.7. Suppose T is real analytic and T(A, x) = H(M)A,(x) + R(A, x)
where b(A) is a real-valued analytic function, AN(x) = aN(xN), ay a symmetric
N-linear form, and |R(A, %)|| = o(||x||N) for each A near Ay If in addition
[PE )AL (@), u] #0 for u € NI - (L), u# 0, then the following are true:

(i) If N is even there exists exactly one nontrivial continueus solution
function £(A) of equation (2.2) depending on X for A € (A — &, A +8,).

(i) If N is odd and A [Ph(N)Ay(), u]l <0 (A [PE(A )AL (), ul > 0) for u
€ N(I - )\OL), u# 0, then there exist exactly two distinct nontrivial continuous
solution functions. The functions, £,(A) and %,(X), depend on A for A €
[AO, Ao + 8 (A e (AO -9, )\0]) and there are no solutions of small norm of equa-
tion (2.2) for A € A ; =8, A) (A e (A, Aj + ).

Proof. We prove this theorem by finding Ay of Theorem 2.4. Using the
definition of Ale) and Ale u;) and equation (1.11) we get the equation

Me) = Meug) = A5 1+ M7 1sO, 1T = Agl1 + A ™S, !

(2.8)
= A = A2QD7ISA, O + g 3 (= DA QT IS(A, O}
n=2
where
(2.9) S, &) = [PT(, euy + [ (), €ny)), ugl.

For u € N(I- A oL

PAGG+ [, ) = 2 —Pa N [T )

1+;Nl]

= PAy(a) + Z N p, N I ).
i+j=N; j£0 il 7
By Lemma 1.6 we have

= Pay(l, PO < 3 e el I )l = ol ™)
i
i+j=N; j£0 iljl 1+j=N;j£0
uniformly for A near A;. Therefore, by equation (2.9) SO, &) = b(WaeY +
E(\, ¢) where a = [PA (u o) %ol and |EQ, o] = o(|¢|N) for each A. Since § is

real analytic
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(2.10) SO, = bWad' + 3 1 (Wem

n=N+1
where f (A) is analytic for n =N+ 1, N+ 2, ..+ . Now since h(A) and Ae) are
analytic,

B =B+ 2 B,A-A)", By £0,
n=1

and

(2.11) bM) =By + D B, <E A,-“) =Bo+ 2 bye™
n=1 i=1 n=1

Combining equations (2.10) and (2.11) we get

2.12) S(e) = SA(e), €) = BoaeN + z c e
n=N+1

Since A(e) is real analytic and A(0) = A, we have

(2.13) Mol = Xl— + Z d_e”.

0 n=1
From equations (2.12), (2.8) and (2.13) we get
Me) =2, - AOBanN"l + E e €.

n=N

By hypothesis, - A 8,2 = = A[Ph(A)A(uy), u ] # 0. Hence if N is even, then
N =1 is odd and statement (i) follows from Theorem 2.4. Similarly, if N is odd,
N -1 is even and statement (ii) follows from Theorem 2.4. O

2.2. Let X and Y be Banach spaces. In this section we solve the bifurca-
tion problem for the nonhomogeneous equation

(2.14) (I=ALx — T\, x,y) =0

near (A, 0, 0) in Rx X x Y, where A is a simple eigenvalue of L, and L and
T are as in $2.1.

For ¢;> 0 we let Be, = e, 0) eRxY | 0< ¢ <¢yl

Theorem 2.8. Suppose A is a simple eigenvalue of L, I - AoL is a Fredholm

operator of index 0, and T satisfies conditions H2~H4 of Part 1.
(i) There is a subset B‘o of Rx Y, and an open set A containing Beo'

such that for each (e, y) € A equation (2.14) bhas a unique solution of the form
A=Me, y), x=xley)= ug + vie, y), y=v,

where vle, y) € RU -\ L) and Me, y) and e, y) are continuous. In addition,
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x(e, 0) = x(e) and Me, 0) = Ae), where x(¢) and Me) are the unique functions of
Theorem 2.1.

(ii) If a solution (A, x, 0) of equation (2.1) is sufficiently near (/\o, 0, 0)
then every solution of equation (2.14) in a small neighborhood of (A, x, 0) is of
the form shown in statement (i).

(i) If T € C? then ||ule, Y)|| = ole® + ||yl), and if ||y| < € then |Ae, y) —
Aol = O(le].
(iv) If T € C" then so are Me, y) and vle, y).
(v) If T is real analytic then so are M, y) and ule, y).

Proof. An argument similar to the one employed in the proof of Theorem 2.1
will show (A, #, y) is a solution of equation (1.6) if and only if- (A, %, y) is a
solution of equation (1.10). We will therefore find solutions of equation (1.10).
Let

(2.15) FQ\, (w y) = lu, ul(Lu + A"TPTO, w4 7, w, 9), y), )

In the course of proving Theorem 1.7 we showed D, F(A,, (0, 0)) is a linear
homeomorphism. There is an open interval A Ao about A, and a neighborhood
A, of 0 in N(l—/\ L) such that for (A, ) €A,\ xAg, D F()\ (2, 0)) is a
linear homeomorphism and A is a subset of the domain of Aw).

Now let Z € Ay, 2 #0. There is a unique X = A(Z) such that (A, 7, 0)

satisfies equation (1.11). Therefore

[Ld+A~'PTQ, 2+ /(R 2, 0)), 2} £ 0.
Thus there is a neighborhood B of (X, 2, 0) in which F is continuous, F is in
C™" or is real analytic as T is in C” or is real analytic, and D,F is a linear
homeomorphism. The hypotheses of the implicit function theorem are satisfied.
Thus there exist an open interval N, (&) C Ay, about A, a neighborhood
N,(#)C A, of # a sphere N,(Z) of small radms about 0 in Y, where N,(%) x
N (u) X N ;(2) C B, and a continuous function Az, y) mapping A(Z) = N (u) X
N3(ﬁ) into N,(Z) such that (A%, y), u, y) satisfies equation (1.10) for all
(2, y) € A(2). Moreover, if (A, u, y) € N;(@) x A(2) satisfies equation (1.10),
then A = Az, y). In addition, Mau, v) is in C” or is real analytic as T is in C”
or is real analyti.c.

For each # € A there exist a X, neighborhoods Nl(z'i) and A(Z), and a
function A~ (u, y) with the above properties. We must show that if (u, y) €
Alu)) 0 A("z) then A, N y) = Ay L y). By our previous arguments A, (u, 0)
= /\ (u 0) (the unique solunon of equation (1. 11)) Let t, be the least upper
bound for all 7, 0< < 1, such that for 0<¢ < , }\ (g, ty) = /\uz(u, ty). By
continuity, A, (u, tyy) = Au (u, toy). Since D,F evaluated at (A, (u, toy)s
u, oy) is a lmeax homeomorph1sm an apphcatxon of the implicit funcuon theorem
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to equation (2.15) shoivs that Xu L and X“z can be extended uniquely for ¢ > ¢,.
Therefore t; =1 and )\ul(u, y) = )\uz(u, y)

Let 4 = qul-o A(u) and let A be the set of all (¢, y) € R x Y such that
(e Uy, y) € A, If (e, y) € A then (e Uy, y) € A(Z) for some # and we define
Me, y) = :\;(e 4y, y). By the above argument Ale, y) is uniquely defined. For
(e, y) € A, (\(e, y), €u,, y) is the unique solution of equation (1.10) and hence of
(1.6). Thus, by Corollary 1.3, for each (¢, y) € 4, (A(¢, y), xle, y), y) is the

unique solution of equation (2.14) where
(2.16) x(e, y) = euy + vle, y) = €ug + e, y)s €ugn ).

By our construction Ale, 0) = A(e) and x(e, 0) = x(¢), where Ale) and x(¢) are the
solutions of equation (2.1). Thus we have proved statement (i). In addition, by
Theorem 1.2 and equation (2.16) Ale, y) and x(¢, y) are in C” or are real analytic
as T is in C” or is real analytic. Hence we have proved statements (iv) and (v).
Now we prove statement (ii). Suppose (A, x, y) is a solution of equation
(2.14) in a small neighborhood of (X, %, 0), where (A, £, 0) is in turn a solution
of equation (2.1) near ()\0, 0, 0). By Corollary 1.3, x =€y, +f(A €uy, y) and
X=€ug+ &, €uy, 0), and (A, €uy, y) and o8 €uy, 0) satisfy equation (1.6).
By our previous arguments A = X?uo(e u4y, y) = Me, y) and statement (ii) follows.
We proceed to prove statement (iii). Since T(A, x, y) is in c?, by Theorem
1.2 f(\, u, y) and PT(\, u + f(A, u, y), y) are also twice continuously differen-
tiable. Moreover, f(A, 0,0) =0, D,f(A,0,0) =0, PT(A,0,0) =0 and
D,PT(A, 0,0) =0 for A near Aj. Let K(A, u, y) be either f(A, u, y) or
PT(\, u + f(A, u, y), y). By continuity there is a neighborhood S about (A, 0, 0)
such that DK and D?K are uniformly bounded on S and if (A, #, y) € S then so
is (A, tu, ty) for 0<t<1. For (A, u, y) € S, using the fact that for a continu-
ously differentiable map T of an open subset A of X into Y, if x + ty € A for
0<t<1, then

2.17) ITG+y) = TG < sup DTG+ 1) G < llyll sup IDT(x + 1))
0<i<1 0< <1
[3, p. 155], we have
IKQ, u, y)|| = 1K, #, y) = KA, 0, 0)

Sl sup [ID,KQ, 1, ty)]| + |lyll sup DK, tu, ty)].
0<¢<1 0<<1

In addition,

1D, K, tu, ty)|| = |D,K], tu, ty) - D,K(A, 0, 0)|

< llull sup IDK@, su, sy)| + |lyll sup [ID,D,K(], su, sy)|.
0<s<1 0<s<1
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Therefore, | KO\, u, y)|| = O(l||? + ||« « lly] + llyl) =0(«|? + |lyll) independent
of A. Hence [ule y)|| = /(Mg y), exg Yl = 0(e? + |lyl). I |lyll <€* and
E\, o =~ HPT(N, euy + [\, €y, ), y), ugl then by what we have just

proved
|EX, )] = c|lAe]~10(e? + €2) = O(]¢)).

Since A, y) is the unique solution of equation (1.10) for a given (e, y), if we

let A= Me, y) we have

Me, ) = A + AgEQ, )71 = Ag —A2E(, 9+ 4y D (- 1POGEQ, o).
n=2

Thus |Me, y) - Ag| = O(|¢]). O

Remark. Theorem 2.8 shows the existence of solutions of equation (2.14) in
a neighborhood of each nontrivial solution of equation (2.1). A stronger result is
true for a neighborhood of a trivial solution of equation (2.1). Differentiating the
left side of equation with respect to x, and evaluating at (A, 0, 0), we get I —
AL. If A, is an isolated element of the spectrum of L and A# A, then I - AL
is a linear homeomorphism of X onto X. Hence by the implicit function theorem
there exist a neighborhood A of (A, 0) in R x Y and a function A(A, y) such that
for each (A, y) € 4, (A, A(), y), y) is the unique solution of equation (2.14).

Suppose equation (2.14) has the special form

(2.18) (I-AL)x — T\, %, €2y) =0

where L and T satisfy the hypotheses of Theorem 2.8, )\0 is a simple eigen-
value of L, and in addition, DIT(A, x, y) = ol||x|| + |lyl”*) uniformly for A near Ao

Let y be a fixed element of Y. We prove in our next theorem the existence
of a solution set of equation (2.18) branching out from ()\0, 0, 0) depending con-
tinuously on the real parameter .

Theorem 2.9. Let L and T be as indicated above.

(i) Equation (2.18) has solutions of the form (Xe), x(e), €%y) for € near 0,
where x(€) = euy + vle), vle) € RUI- AJL). Me) and v(e) are continuous and Moy,
%(0), 0) = (A, 0, 0).

(i) If T is in C" oris real analytic then Me) and (e) are in C*~1 or are

real analytic.
Proof. Consider solutions of the equation
(2.19) (I = AL)x — T\, x, [Px, Pxly) = 0.

If (A, x) is a solution of equation (2.19) then (A, x, €?) is a solution of equation
(2.18), where €2 = lex, euo] =[Px, Px].
Let T(\ x) = T(), x, [Px, Pxly) and consider the equation (I - AL)x —



1972] BANACH SPACE BIFURCATION THEORY 153

T(A, x) = 0. Then since L and T satisfy the hypotheses of Theorem 2.1 the

results follow. O

PART III. BIFURCATION FROM MULTIPLE EIGENVALUES

3.1. Consider the equation
(3.1) (I-AL)x - T(A, x)=0

where - A L is a Fredholm operator of index zero. N(I- )\OL) N R(I - AOL) =
{0} and T is a nonlinear map of a neighborhood of (A, 0) into X satisfying
H2-H4.

Theorem 3.1. If the above hypotheses are satisfied and dim N(I —)\OL) is odd

then A, is a bifurcation point of equation (3.1).

Proof. The theorem will be proved by the following lemma. If H is a con-
tinuous map of §_ into R?, where R” is Euclidean n-space, S"n is the surface
of the sphere of radius 7 in R”, and » is odd, then there is some x € Sr'n and
B €R such that H(x) = Bx. For a proof see [2, p. 51].

By this lemma for each sufficiently small positive r there isa B, and a «,
such that "ur" =rand PT(A, u_+ f(A_, u)) = B,u, where A = X(u’). By
Corollary 1.9 (A, u_+ f(A_, u)) is a solution of equation (3.1). Therefore, by
the continuity of Nw), A, is a point of bifurcation. O

3.2. When dim N(I - /\OL) is even solving the bifurcation problem of equation
(3.1) becomes more difficult. There is a simple example in which L is a self-
adjoint operator in a Hilbert space, dim N(I - )\OL) =2,L and T satisfy H1-H4
and T depends linearly on A, yet there are no nontrivial solutions of equation
(3.1) near (A, 0) (see [1, p. 121]). Thus in general when dimN(I - AjL) is even
additional restrictions must be imposed on T to guarantee the existence of solu-
tions of small norm for A near Aj.

Let us assume dim N(I - )\OL) =2,

Theorem 3.2. Suppose there exists a normalized basis tuy, u,} of NUI- AoL)
such that [PT(}, bu, + o buz)), ul] > 0 for small |b| and all A near Ay where
[,7is defined as in §1.3- Then /\0 is a bifurcation point of equation (3.1)
with respect to 0.

Proof. PT, f(A, u) and A(x) are continuous in N(I - AOL) with norm || ”H =
1
[, 1%. For «x, y € N(I - /\OL), x = By if and only if [x, z] = 0, z € {y}*.

For convenience we denote au, + -bu2 by (a, b). With this convention

PT(, (a, b) + [\, @, b)) = (T, (\, a, b), T,(A, a, b)),
where T, = [pT, u,] and T,=[PT, ”2]'
For each (q, b) £ (0, 0), (b, - @) is a basis of {(a, b)}*. Therefore,
PT(A, (a, &) + (N, a, b)) = B(a, b) if and only if
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G2 bT,(\, @, b) - aT,(\, a, b) = 0.

Choose ¢, >0 so that M) is defined for all u, lully < ¢y Let 0<c<c,.
By hypothesis for all A near Ay, ¢T;(A, 0, ¢)>0 and - c¢T;(A, 0, - c) <O. The
function H(a, b) = le(Xa, b), a, b) - aTz()t(a, b), a, b) maps the connected set
{u € N(I = A L) |4l = c} into R. We have seen that H(0, c¢) >0, and H(0, - )
< 0. Therefore, there is a point (@, b ) of norm ¢ such that H(z, ) = 0. Since
(X, ), (@, b)) satisfies equation (3.2) we obtain the equation PT(\, 7 + f(X, 7))
= Bz where 2=, b) |z ly =c and X =AG&). By Corollary 1.9 \, z +
fO\, %)) is a solution of equation (3.1). For each small c, there is a solution
Wesug +/Q, uc)) of equation (3.1). |u ||y =c and A_= X(uc). Therefore, by
the continuity of A(z), A is a point of bifurcation of equation (3.1).

PART IV. COUNTEREXAMPLES

4.1. In this section we give three examples to demonstrate that when some
of our hypotheses are removed many of the results of §2.1 are not valid. In all
of our examples, T depends linearly on A, dimN(I - A(L) =1, T 40 and T
satisfies the-hypotheses of Theorem 2.1.

) Example 1. If A, is not a simple eigenvalue of L then A may fail to be a
bifurcation point of equation (2.2) with respect to 0.
Consider the system of equations in R:

(4.1) x-Mx+y+y>)=0,

(4.2) y—)\(y—x3)=0.
Here T is an odd operator defined by T(x, y) = (ya, - x3)’ )\0 =1 is an eigenvalue
of L. A computation will show dim N(I - AjL) =1 but A is not simple. In
addition, T satisfies the hypotheses of Theorem 2.1 and is real analytic. This
system has no solutions for A near Aj =1 other than x =y =0. To see this,
suppose (A, x, y) is a solution. Multiplying equation (4.1) by y and equation
(4.2) by x, and subtracting we get A(y? + y* + x*) = 0. Therefore, x = y = 0.
Example 2. In this example L + T is a gradient operator, T is real analytic,
A, is a simple eigenvalue and I - A L is a Fredholm operator of index 0. How-
ever, though A is a bifurcation point, A, is the only eigenvalue of the nonlinear
problem for x of small norm.

Consider the equations in R,
(4.3) x — M= 2x —x3) =0,
(4.4) y =y =0

L and T are as indicated above and A, =1 is a simple eigenvalue of L. Equa-
tion (4.3) has no solutions other than x = 0 for A near 1. Suppose x £0 is a
solution of equation (4.3). Then (1 + 2\)x + Ax> = 0. Dividing by x and then by
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A we get AN +20) + x2 = 0. Bur this equation has no real solution since
AT 1(1 + 2)) >0. On the other hand, equation (4.4) has no solution other than
y=0 if A£1. Aj is thus the only eigenvalue for small |x|.

Example 3. Here T is n times continuously differentiable, L and T satisfy
the hypotheses of Theorem 2.1, and A, is not the only eigenvalue, yet there is
one eigenvalue with infinitely many (nonlinear) eigenfunctions x. Moreover, for
each integer N, there exists a sequence of eigenvalues, different from Aj, such
that each eigenvalue has at least N eigenvectors and the eigenvalues and eigen-
vectors converge to A, and 0 respectively.

Consider the equation

(4.5) x — Mx + x™ sin(x~1)) = 0

for x € R. x™sin(x"!) is 7 times continuously differentiable for m = 2n + 1.
Clearly the hypotheses of Theorem 2.1 are satisfied and Aj =1 is a simple
eigenvalue of the linearized part. Dividing (4.5) by x we get

(4.6) @ =A+x"lsinx=1) = 0.

Since x™ sin(x~!) £0, A, is not the only eigenvalue. For A=A, there corre-
spond infinitely many solutions of small norm.
Let N be an integer. Then since sin (x~!) oscillates about 0, we can find
a sequence {A_}, A — A, such that for each A there correspond N distinct
values Xnps 't Xy and each (/\n, x"i) satisfies equation (4.6) and X, = 0.
Since solutions of equation (4.6) are also solutions of equation (4.5) we have

shown the existence of the sequence described above.

PART V. APPENDIX

We will now give the proofs of those theorems cited in previous sections

without proof.

Theorem 5.1. Let L be a bounded linear operator mapping a Banach space
X into itself. Suppose N(L) is finite-dimensional. Then X = N(L) & R(L) if
and only if L is a Fredholm operator of index zero and N(L) N R(L) = {0}.

Proof. We denote the space of all bounded linear functionals on X by X',
the adjoint of L by L' and for any subspace N, N7 is the set of annihilators
of N. '

Suppose X = N(L) @ R(L). Then R(L) is closed and R(L)* = N(L'). Let
m = dim N(L). Then the dimension of the dual space N(L)' of N(L) must also be
be m. But R(L) is equivalent to N(L)'. Hence dimN(L')=m and L is a
Fredholm operator of index O.

Suppose now L is Fredholm and ind (L) =0. Let m =dim N(L) =
dim N(L'). N(L) & R(L) is closed. Suppose X # N(L) ® R(L). Then there is a
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nonzero vector x, € X such that x ﬁ/N(L) ® R(L). Let Xps Kyttt X be a
basis of N(L), By the Hahn-Banach theorem there exist m + 1 bounded linear
functionals g, y,, *+* .y, such that for 0 <7, j<m; Lx,, y].] =0 for i #£7j,
[xi, yi] =1 and [x, yi] =0 for x € R(L). The y; are linearly independent ele-
ments of R(L)" and R(L)l = N(L"). However, dimN(L') = m so there cannot be
m + 1 linearly independent vectors in N(L'). Therefore X = N(L) ® R(L). O

We now prove Lemma 1.5.

To show statement (i), choose ¢ > 0. By hypothesis there is a neighborhood
A of (x;, 0) such that if (x, y) € A then (x, ty) €A for 0<t<1 and

sup  ||D,T(x, y)|| < ¢ < w.
(x, y)eA

Let & = ¢/c. Then for any (x, y) € A with ||y} <6 we have by inequality (2.17)

I7Ce I = TG y) = TG, O < llyll sup 1D, TCx, 2y)]
0< <1

<lylle € 8¢ < (e/c)e = e.

To show statement (ii), let A = N; x N, where N, is the neighborhood of
x, specified in the hypothesis of (ii); N, is a neighborhood of y = 0 such that if
y €N,, then ty € N, for 0<¢<1;and N x N, is in the domain of T. Choose
€>0. There exists a 8 >0 such that |D,T(x, y)|| <e for (x, y) € A with ||y|| <.
Hence for (x, y) € A with ||y|| <&,

TG I = TG, y) = T, 0] < iyl oS35 1D, TG, )] < lylle
Therefore, | T(x, y)|| = o(|y|]). O
BIBLIOGRAPHY

1. Melvyn S. Berger, ‘A bifurcation theory for nonlinear elliptic partial differential
equations and related systems, ’’ in Bifurcation theory and nonlinear eigenvalue problems,
Joseph B. Keller and Stuart Antman (Editors), Benjamin, New York, 1969.

2. Melvyn S. Berger and M. S. Berger, Perspectives in nonlinearity. An introduction
to nonlinear analysis, Benjamin, New York, 1968. MR 40 #4971.

3. J.Dieudonné, Foundations of modern analysis, Pure and Appl. Math., vol. 10,
Academic Press,New York, 1960. MR 22 #11074.

4. M. A, Krasnosel'ski¥, Topological methods in the theory of nonlinear integral
equations, GITTL, Moscow, 1956; English transl., Macmillan, New York, 1964.

MR 20 #3464; MR 28 #2414.

5. , Positive solutions of operator equations, Fizmatgiz, Moscow, 1962;
English transl., Noordhoff, Groningen, 1964. MR 26 #2862; MR 31 #6107,

6. L. A. Ljusternik and S. L. Sobolev, Elements of functional analysis, GITTL,
Moscow, 1951; English transl., Ungar, New York, 1961. MR 25 #5361.

7. M. M. Vainberg and V. A. Trenogin, The Lyapunov-Schmidt methods in the theory
of non-linear equations and their subsequent development, Uspehi Mat. Nauk 17 (1962),
no. 2 (104), 13—75 = Russian Math. Surveys 17 (1962), no. 2, 1-60. MR 27 #4071.

BELFER GRADUATE SCHOOL OF SCIENCE, YESHIVA UNIVERSITY, NEW YORK, NEW
YORK 10033

DEPARTMENT OF MATHEMATICS, BROOKLYN COLLEGE, BROOKLYN, NEW YORK 11210

Current address: Department of Mathematics, University of Negev, P.O.B. 2053,
Beer-Sheva, Israel



